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Abstract 

This is an introduction to the subject of the differential topology of 
the space of smooth loops in a finite dimensional manifold. It began as 
background notes to a series of seminars given at NTNU and subsequently 
at Sheffield. The topics covered are: the smooth structure of the space of 
smooth loops; constructions involving vector bundles; submanifolds and 
tubular neighbourhoods; and a short introduction to the geometry and 
semi-infinite structure of loop spaces. It is meant to be readable by anyone 
with a good grounding in finite dimensional differential topology. 
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1 Introduction 



This document started out as an accompaniment to a series of seminars given 
at NTNU, and subsequently at Sheffield University, entitled: "The Differential 
Topology of the Loop Space". The purpose of those seminars was to present an 
introduction to this topic leading up to the work contained in my preprint on 
the construction of a Dirac operator on loop spaces, IStal . This was intended to 
be accessible to anyone with knowledge of basic finite dimensional differential 
topology Thus there was a reasonable amount of background material to be 
explained before the subject of Dirac operators was broached. The overall 
outline of this background material was divided as follows: 

1. The differential topology of loop spaces. 

2. Spinors in arbitrary dimension. 

3. The Dirac operator and the Atiyah-Singer index theorem in finite dimen- 
sions. 

The latter two topics are already superbly covered by books accessible 
to any differential topologist, perhaps with a little functional analysis. The 
book |LM89| is an excellent introduction to both topics in finite dimensions 
whilst I PR94 1 deals with spinors in arbitrary dimension. A group-centric view- 
point is presented in |PS86|, which is required reading for anyone seriously 
thinking about loop spaces. 

The main reference for the first topic is f'KM971. Whilst several of the 
standard texts on differential topology and geometry deal with infinite di- 
mensional manifolds, they only do so rigorously with manifolds modelled on 
Banach spaces, which for loop spaces this usually means either continuous or 
H^-Sobolev loops. Often smooth and piece-wise smooth loops are used as a 
source of "useful" loops within these manifolds, but the space of smooth loops 
is not given an actual manifold structure. This is due to the technical difficulties 
in extending calculus outside the realm of Banach spaces. 

The purpose of | KM97I is to deal with precisely this issue and to set up a 
theory of analysis in infinite dimensions in arbitrary topological vector spaces. 
It goes on to develop the theory of infinite dimensional manifolds in its broadest 
setting which includes smooth loop spaces. However, this means that whilst 
being an excellent book, its subject matter is perhaps too broad and too deep for 
someone who just wants to know about the differential topology of loop spaces. 
The statement that the smooth loop space is a smooth manifold appears in 
section 42, about two-thirds of the way through the book. Whilst the preceding 
four hundred pages are not all required reading to get to this point, it is still a 
somewhat daunting task to extract what one needs for loop spaces. 

Therefore I started writing this document to fill in the details of what 1 did 
not have time to say in my seminars. The intention was to provide a more gentle 
introduction than | KM97 1 but still include the required detail to understand the 
differential topology of the space of smooth loops. It subsequently grew beyond 
that remit as I thought of more topics that could be included without increasing 
the technical difficulty. A brief description of the topics covered is as follows: 

^ The smooth structure of the space of smooth loops in a finite dimensional 
manifold. 
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We start by discussing what it means to be smooth outside the realm of 
Banach spaces, focusing particularly on the model spaces for loop spaces. 
Using this we exhibit an atlas for the space of smooth loops and show 
that the transition functions are smooth. Also in this section we show that 
various maps involving loop spaces are smooth. 

^ The basic theory of vector bundles and associated principal and gauge 
bundles on the loop space defined by looping vector bundles on the 
original manifold. 

The main theme of this section is that looping something on the original 
manifold gives a corresponding object on the loop space. Thus the loop 
space of the tangent space is (diffeomorphic to) the tangent space of the 
loop space; vector bundles and their frame bundles loop to vector bundles 
and their frame bundles (in a sense) as do connections. We conclude this 
section with an important example where this loopy behaviour fails: the 
loop space of the cotangent bundle is not the cotangent bundle of the loop 
space. 

^ Some important submanifolds with tubular neighbourhoods. 

We show that various submanifolds of a loop space have tubular neigh- 
bourhoods. In particular, we consider submanifolds defined by imposing 
some condition on values that the loops can take at certain times - for 
example, the based loop space - and we consider fixed point submani- 
folds coming from the circle action. One consequence of this is that the 
fundamental fibration QM — > LM ^ M is locally trivial. We conclude 
with a submanifold that does not have a tubular neighbourhood. 

^ Basic introductions to two topics of further interest: geometry on loop 
spaces and the semi-infinite nature of loop spaces. 

We begin with a discussion of some of the issues in infinite dimensional 
geometry and prove some simple results concerning the Levi-Civita con- 
nection and geodesies. We also give a very basic introduction to semi- 
infinite theory. 

This document began life as notes from talks given at NTNU and at Sheffield 
so I would like to thank the topologists at those institutions, and in particular 
Nils Baas, for letting me talk about my favourite mathematical subject. I would 
also like to thank Ralph Cohen and the "loop group" at Stanford. 

This is by no means a finished document, as an example it is somewhat 
sparse on references. Any comments, suggestions, and constructive criticism 
will be welcomed. 
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2 Loopy Notation 



We first establish a little notation and some basic results for maps between loop 
spaces that have nothing to do with calculus. For a (finite dimensional smooth) 
manifold M, we denote C°°(S^,M) by LM. If M is a space over S^, so that we 
have a smooth map 7i : M — > S^, we denote the subspace of LM consisting of 
sections of n by Fgi (M). 

Definition 2.1 Let f : M —> N be a smooth map between manifolds. Define f^ : 

LM ^ LN by f^{a) = f o a. 

If M is a space over S^, f^ restricts to a map Fgi (M) — > LN. If, in addition, N 
is also a space over and / is a map of spaces over then restricts to a map 
Fgi (M) Fgi (N). We shall use the notation for all three of these maps. Our 
convention will be that, unless otherwise stated, f^ refers to the most restrictive 
fimction that is applicable. 

The most obvious type of space over is the product: x M. In this case, 
the projection p : x M -> M defines a bijection : Fgi (S^ x M) -> LM. 

Definition 2.2 Let f : X ^ LM be a map from a set X to the loop space of a manifold 

M. Let f"" : S'^ xX^ M be the adjoint off: f^{t,x) = f{x){t). 

Definition 2.3 Let Mbe a smooth manifold. Define the evaluation map, e : x 
LM Mby e{t, y) = y{t). We also write et : LM — > Mfor the evaluation at f map, 
etiy) = y{t)- 

Lemma 2.4 1. The adjoint off : X LM is the composition: 

f ■.S'^xX^S^xLM^M. 

2. The adjoint of the identity on LM is the evaluation map. 

3. Let f : M^ Nbea smooth map. The adjoint of f^ is the map: 

S^xLM-^M^N 

4. Looping respects composition (i.e. is a functor) in that (/ o g)^ = f^ o g^. It also 
maps products to products in that (/ x g)^ = f^ x g^- 

5. Let f : M ^ N, g : X ^ LM, and h : Y ^ Xbe maps with f smooth. The 
adjoint of f^ o g ohis f o g^ o (Ixh). 

Proof. 1. We compute the composition as: 

{t,x)^{t,f(x))^f{x){t)=r(t,x). 

2. The follows from the above. 

3. We have: 

{f^r{t,a) = fHam = if o am = /(a(f)) = f o eit,a). 
Another way of writing this identity is: e o (1 x /^) = f oe. 

4. This is obvious. 
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5. Using the above, the adjoint oi o goh is: 

e o (1 X (/^ o g o = e o (1 X /^) o (1 X g) o (1 X h) 
= / o e o (1 X g) o (1 X /i) 
= / o o (1 X /l). □ 
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3 Smoothly Does It 



The aim of this section is to prove that the space of smooth loops in a finite 
dimensional manifold is again a smooth manifold. After doing this we go on 
to consider the topology of the space of smooth loops. It may seem slightly 
topsy-turvey to consider the smooth structure before the topology. The reason 
is that in infinite dimensions the link between continuity and smoothness is 
not as tight as it is in finite dimensions (there are smooth maps which are not 
continuous). After considering the topology we show that various obvious 
maps involving loop spaces are smooth. We conclude this section with a short 
discussion of how to go about changing the type of loop under consideration. 

3.1 Curvaceous Calculus 

The definitive reference for this section is the weig hty tome IKM97I . Whilst a 
rewarding read for someone keen to learn about infinite dimensional analysis, 
it is rather intricate for someone just wanting to know the basics. Therefore, 
we have tried in this section to keep the material reasonably self-contained and 
focused solely on the case of loop spaces. 

The maxim in infinite dimensional analysis is: 

Smooth is as smooth does. 

The problem is that once one strays outside the realm of Banach spaces 
then there are many different ways of defining the derivative. The Historical 
Remarks at the end of |KM97 ch I] is a good place to start investigating. For 
example, one reference is quoted as listing no less than twenty-five inequivalent 
definitions of the first derivative. Even for Frechet spaces - the next "nicest" 
spaces after Banach spaces, of which the space C°°(S^, IR) is an example - there 
are three inequivalent definitions of infinite differentiability. Therefore one 
needs to consider what one wants from calculus before one actually defines it. 

For example, smoothness and continuity are no longer as tightly linked as 
they are in finite dimensions. Let E be an infinite dimensional locally convex 
topological vector space that is not normable. That is to say, the the topology on 
E cannot be given by a single norm. Consider the evaluation map E' X £ ^ R, 
(/, e) f(e). It is a straightforward result that with the product topology on 
£' X E then this map is not continuous. However, one feels that it ought to be 
included in any "reasonable" calculus on E. 

Even in the theory of Hilbert spaces one finds that the topology on a topolog- 
ical vector space is not fixed. This becomes particularly obvious when dealing 
with duality: on the dual space one can discuss the strong topology, the weak 
topology, the simple topology, the compact topology, and many, many more. 
The guiding rule is to select the topology most appropriate for the job in hand. 

Thus with open season declared on the topology and a feeling of freedom 
as to the definition of the derivative, one is left wondering what exactly is 
well-defined. The answer is: smooth curves. 

It is simple to define smooth curves in any locally convex topological vector 
space: a curve c : ]R ^ E is dijferentiahle if, for all t, the derivative c'{t) exists, 
where: 

1 

c'{t):=\m\-{c{t + s)-c{t)). 
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It is smooth if all iterated derivatives exist. 

Providing E satisfies a mild completeness condition (called c°°-coniplete or 
convenient in |KM97|), then there is an incredibly simple recognition criterion 
for smoothness of curves: 

Proposition 3.1 (IKM97 Theorem 2.14(4)]) Let E be a convenient locally convex 
space. Then a curve c : H. E is smooth if and only if the curves I o c : 'R ^ 'R are 
smooth for all I e E*, the continuous dual ofE. 

This appears to connect the concept of smoothness firmly to that of conti- 
nuity, but that is not so. The smoothness, or otherwise, of a curve depends only 
on what is called the homology of the space E. That is, the family of bounded sets. 
The topology can vary considerably without changing the homology. 

As this is our fixed point in analysis, it seems reasonable to define everything 
else in terms of it. This leads to: 

Definition 3.2 (IKM97, Definition 3.11]) A function f : E ^ U ^ F defined on a 
c°°-open subset U ofE is smooth if it takes smooth curves in U to smooth curves in F. 

I have sneaked in the term "c°°-open" about which I don't intend to go 
into great detail. Essentially, as we can vary the topology somewhat without 
changing the notion of smoothness, it makes sense to choose a particularly 
convenient topology. This topology is always at least as fine as the locally 
convex topology. For Frechet spaces, it coincides with the standard topology. 

To emphasise the point about smoothness being related to homology rather 
than topology, we record the following result about linear maps: 

Lemma 3.3 (IKM97. Corollary 2.11]) A linear map I : E ^ F between locally 
convex vector spaces is bounded, i.e. bornological, if and only if it maps smooth curves 
in E to smooth curves in F, i.e. is a smooth map. 

Thus as the evaluation map E' X E ^ ]R is linear and bounded it is smooth, 
but as mentioned above is not continuous for the product topology. 

The crucial tool in this calculus is the exponential law. One important corol- 
lary of this is that in finite dimensions this notion of smooth agrees with the 
standard one (originally proved in |Bom67J ). To state the exponential law, 
we need first to note that the space of smooth functions C°°(U,F) has a nat- 
ural topology which is initial for the mappings c* : C°°(!i,F) — > C°°(]R,F) for 
c e C°°(]R, U). 

Theorem 3.4 (Exponential Law IKM97 Theorem 3.12]) Let Ui c E, be c°°-open 
subsets. Then C°°(!Ji x U2,F) = C°"{Ui,C"°{U2,F)). 

This is called the exponential law because it can be written as F^^^^^ ^ 

We have now defined smoothness without reference to the derivative. It 
is rather reassuring to discover that the derivative of a smooth map is still 
definable: 

Theorem 3.5 ( IKM971 Theorem 3.18]) Let E and F be locally convex spaces, and let 
U QEbe c°°-open. Then the differentiation operator 

d:C'"{U,F)^C°°{U,L{E,F)), 

df{x){v) := hm , 

t^o t 
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exists and is bounded (smooth). Also the chain rule holds: 

d{f o g){x)v = df{g(x))dg{x)v. 

Here, X,{E, F) is the space of all bounded linear maps from E to F. We differ 
from |KM97| in notation for this space as we have reserved the letter "L" for 
loops and thus use for linear maps. It is a closed subspace of C°°(E, F) and is 
topologised as such. Essentially, this result says that the directional derivatives 
(which there is no problem defining, just problems with properties) fit together 
nicely to define the global derivative. 

3.2 Euclidean Loop Spaces 

Before we can consider an arbitrary loop space we need to examine what will 
become the model space, LR". For those who like lists, here is a list of the 
functional analysis properties that LR" satisfies: 

1. LR" is a Baire, barrelled, bornological, complete, convenient, Frechet, 
infrabarrelled, Mackey, metrisable, Montel, nuclear, quasi-complete, re- 
flexive, Schwartz, semi-reflexive, separable, space. Also, the bidual map 
is a topological isomorphism, the c°° topology referred to above is the stan- 
dard topology, and it has many nice properties involving tensor products. 

2. the dual space, (LR")* (with the strong topology), is all of the same except 
that it is not a Frechet space - and hence not metrisable - nor is it a Baire 
space. Also, the strong topology agrees with the Mackey topology and 
with the inductive topology. 

We are more interested in the calculus properties of this space, although the 
"nice properties involving tensor products" are an important factor in | Sta |. We 
shall start with the topology on LR" . As we noted in the previous section, this is 
also the natural topology to consider when dealing with smooth maps on LR" . 
To define it, we first define the topology on the space C(S^,R") of continuous 
maps. 

Definition 3.6 A subbasis for the topology on C(S-^,R") consists of the sets of the 
form: 

[feC{S\U"):f{K)cU} 

where K Q is compact and Lf c R" ;'s open. This is called the compact-open 
topology. 

In fact, C(S^, R") is a Banach space with supremum norm: 

||y||^ = sup{||y(f)||:feSi}. 

The topology on the smooth loop space is then defined as the topology 
initial for the maps LR" C(S\ R*^") given by: 

y^(t^{y{t),Y{t) /-i)(f))). 

If we replace continuous functions by some other type, for example: square- 
integrable, we end up with the same topology on LR" . This is an example of 
how smoothness "smooths out" any initial irregularities in definition. 
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We now turn to the smooth structure of LR" . Ultimately, we need to know 
enough about the smooth maps on LR" to decide whether or not the transition 
functions of an arbitrary loop space are smooth. These transition functions 
have a particularly simple structure and so the task is easier than that of trying 
to characterise all smooth maps between open subsets of LW . 

We start by generalising the exponential law. The problem with it as stated 
in theorem 13.41 is that the domains allowed are open subsets of some linear 
space. We wish to use as one of the domains. That is, we wish to show: 

Proposition 3.7 A curve c : R ^ LR'" is smooth if and only if its adjoint : 
R X ^ R'" is smooth. 

Proof. Consider the quotient mapping R ^ S^. This map completely deter- 
mines the smooth structure of in that a map R'" is smooth if and only 
if the composite R ^ ^ R"' is smooth. Similarly, R x ^ R'" is smooth if 
and only if R x R ^ R'" is smooth. 

Thus given a curve c : R ^ LR'" with adjoint : R x ^ R'" we get a 
curve cr : R ^ C°°(R,R"') and a map c^k : R X R ^ R"'. As both use the 
same projection R S^, it is not hard to see that the adjoint of Ck is c^r; that 
is, c-^ = c'^R. Thus by the standard exponential theorem, theorem 13.41 cr is 
smooth if and only if c^r is smooth. By the above, c^r is smooth if and only 
if is smooth. Thus it remains to show that c is smooth if and only if Cr is 
smooth. 

Now the map R ^ exhibits LR'" as a linear subspace of C°°(R,R'") in 
that the induced map LR" C°°(R, R") is a homeomorphism onto its image. 
The image is obviously a closed subspace and hence c°°-closed. Therefore, by 
IKM97 Lemma 3.8], a curve in LR"' is smooth if and only if it is smooth as a 
curve in C°°(R,R'"). □ 

The type of function that we shall examine is the following: let V C X R" 
and W c X R'" be open subsets, and let ip : V ^ W be a map of spaces over 
S^; here, x R*^ has the obvious structure of a space over and a subspace of 
a space over has the obvious inherited structure. 

Lemma 3.8 Under the natural identification Fgi (S^ x R'^) = LR^ Fgi (V) and Tgi ( W) 

are open subsets of the respective loop spaces and is a smooth map. 

Note that Fgi {V) is empty unless the map V ^ is surjective. 

Proof. That r5i(y) identifies with an open subset of LR" is obvious as it is true 
for the topology induced by the inclusion into the space of continuous loops. 

To show that ip^ is smooth, it is sufficient to take the case where W = xR"'. 
This means that we are considering the target to be LR" via the bijection p^ : 
rsi(Si X R") LR™. Thus we need to show that if c : R ^ ^s'{^) is smooth 
then o o c : R ^ LR"' is smooth. 

By the exponential law, it is sufficient to consider the adjoint of this. Using 
lemma lZ4l we see that this ispoi^oc^ : RxS^ R". This is smooth and hence 
p^ o takes smooth maps to smooth maps. Thus i/*^ is smooth. □ 

Let dpi/^ : y X R" ^ W X R'" be the vertical derivative of i/'. 
Lemma 3.9 = {dy\\)f. 
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Proof. Recall that the derivative of a smooth function is determined by the 
directional derivatives. Using the identification of rsi(S^ X IR*^) with LIR*^, the 
derivative of ip^ is a smooth map rsi(y) — > X.{LM." ,LR"'). So the derivative at 
a loop a e Fgi {V) in the direction of |3 e LW is an element of LW which is the 
limit of the following net indexed by s e IR"^: 

\p^{a + Sj3) - ip^{a) 



Now evaluation at time f is a continuous linear map LM" M" which takes 
this net to: 

ipHa + spm - ^HaW) ^(i' «(0 + 5/3(0) - ^(t, 



This is precisely the difference quotient which tends to the vertical derivative 
of ip at a{t) in the direction fi{t). Since a loop is completely determined by its 
values at each time, d{\p^){a)fi is the same loop as i ^ di,\l>{t, a{t))fi{t). Hence: 

Corollary 3.10 The map rf(i/'^)(a) : LR" LW is LR-linear. 

Proof. Since d\p^{a) is ]R-linear, the part to prove in the statement about linearity 
is that d^^{a) commutes with the action of LIR. Let v e LIR, then: 

dip^iaXvpm = d,^{t,amv{mt)) 

= v(t)d-,ip(t,a{t))p{t) 
= (v#^(a)^)(f). 

Hence di/'^(a)(vjS) = vdip^{a)[} as required. □ 

Lemma 3.11 Now suppose that n = m and that \p : V ^ W isa diffeomorphism with 
inverse : W — > V. Then : Tg\{V) rsi(W) is a diffeomorphism with inverse 

Proof. Both ip^ and (p'^ are smooth. By property]^ of lemma IZ41 the composi- 
tions ip^ o (p^ and (p^ o are the identities on their domains. Hence ip^ is a 
diffeomorphism with inver (^^. □ 

This has a few nice consequences that we shall exploit. Most are things that 
jolly well ought to be true, but given that the definition of smooth is probably 
unfamiliar it's as well to spell out the details. 

Corollary 3.12 1. Let a : Diff(R") be a smooth map (the group Diff(]R") 

inherits a smooth structure from C°°(R",R")). Then the induced map LR" — > 
LR" given by y ^ (t ^ a{t)y{t)) is a diffeomorphism. 

2. Let E ^ be a smooth, orientable vector bundle. Then the space of sections, 
Tgi (E), has a natural smooth structure. 
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3. The results above generalise to orientable smooth vector bundles as follows: let 
E,F be orientable smooth vector bundles. Let V <Z E and W <Z F be open 
subsets. Let ip : V ^ W be a smooth map covering the identity on S^. Then 
\l>^ : Tgi{V) Tgi{W) is smooth with derivative the loop of the vertical derivative 
of\jj. Ifip is a diffeomorphism with inverse (p then is a diffeomorphism with 
inverse (p^. 

The key in the second is to choose a diffeomorphism of (the total space 
of) E with X R" and so identify the space of sections of E with LIR". This 
defines a smooth structure on this space of sections which is independent of 
the diffeomorphism chosen by the first result. 

The same results hold for non-orientable bundles but are a little fiddly to 
prove. One has to consider what are called twisted loop spaces. These add no 
analytic difficulties, but perhaps add one or two conceptual ones so we shall 
avoid using them. 

3.3 The Smooth Structure of an Arbitrary Loop Space 

We are now able to consider the smooth loop space of a finite dimensional 
smooth manifold, M. We shall make two assumptions on the type of manifold 
that we consider: one necessary and one for convenience. 

1. dM = %. 

The loop space of a manifold with boundary is a complicated object. 
To put it simply, it is not true that LM = L{M\dM) U L{dM). The best 
description of LM in this case is as a stratified space, with strata indexed 
by closed subspaces of the circle. The layer corresponding to F c 
consists of those loops a : ^ M such that a~^{dM) = F. The top level, 
corresponding to the empty set, is L{M\dM). The next level consists of 
all loops which intersect dM at one point, and so on. 

2. M is orientable. 

This allows us to stay out of the twisted realm. We shall not actually 
use this in the analysis, it is merely to make this account reasonably 
self-contained. 

The key tool for defining the charts for the loop space is the notion of a local 
addition on M, cf LKM97, §42.4]: 

Definition 3.13 A local addition on M consists of a smooth map rj : TM M such 
that 

1. the composition ofi] with the zero section is the identity on M, and 

2. there exists an open neighbourhood V of the diagonal in M such that the map 
nXT] : TM MxMis a diffeomorphism onto V. 

In |KM97 §42.4], the above is called a globally defined local addition but the 
difference is not important for us. We shall later want to relax this further 
by replacing the tangent bundle by an arbitrary vector bundle (which must, 
a fortiori, be isomorphic to the tangent bundle) but for now we stick with 
the tangent bundle to keep things conceptually simple. The following result 
is contained in the discussion following the definition of a local addition in 
IKM97I §42.4]: 
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Proposition 3.14 Any finite dimensional manifold without boundaiy admits a local 
addition. 



Proof. Without going into great detail, the essentials of the proof are that the 
exponential map coming from a Riemannian structure almost defines a local 
addition except that the domain of the diffeomorphism is not the whole tangent 
space (except in a few simple cases) but a neighbourhood of the zero section. 
The proof is completed by exhibiting a smooth fibre-preserving embedding of 
the total space of the tangent bundle into the domain of the diffeomorphism. 
The composition of this with the exponential map is the required local addition. 

□ 

Let rj : TM ^ M be a local addition on M. Let V c M x M be the image of 
the map nxi] : TM MxM. Although as yet we know nothing about the 
topologies of LTM or of LV, we can at least say that the looped map, (ti x t])^, 
is a bijection. 

Lemma 3.15 Let a 6 LM. Define the set Ua £ LM by: 

Ua:={^eLM: (a,j3) e LV]. 

Then the preimage of {a] X Ua under {n X r])^ is naturally identified with Fgi (a*TM). 
In particular, the zero section ofa'TM maps to {a, a) e {a] X Ua. 

Proof. We claim that there is a diagram: 

ITM ^ LV 

Tsiia'TM) Ua, 

such that the bijection at the top takes the image of the left-hand vertical map 
to the image of the right-hand one. Both of the vertical maps are injective - 
the right-hand one obviously so, we shall investigate the left-hand one in a 
moment - and thus the bijection (ti x i])^ induces a bijection from the lower left 
to the lower right. 

The left-hand vertical map, Fgi {a'TM) — > LTM, is defined as follows: the 
total space a'TM is: 

{{t,v)eS^xTM:a{t) = n{v)]. 

It is an embedded submanifold of x TM. Therefore a map into a*TM is 
smooth if and only if the compositions with the projections to and to TM 
are smooth. Now a map — > a'TM is a section if and only if it projects to the 
identity on S^. Therefore there is a bijection (of sets): 

Fgi (a'TM) = (|3 e LTM : {t, |3(0) e a'TM for aU f e 
= {j3 e LTM : a{t) = n^{t) for aU f e 
= {|3 e LTM : n^^ = a} =: LaTM. 

In particular, the map Fgi (a*TM) — > LTM is injective. 

We apply (ti x r]f to the defining condition for LaTM and see that LaTM 
is the preimage under this map of everything of the form {a,y) in LV. By 
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construction, y e LM is such that (a, y) e LV if and only if y e Lf^. Hence 
(ti X rj)^ identifies L„TM with {a} x !J„. 

Finally, note that the zero section of a*TM maps to the image of a under the 
zero section of TM. Since rj composed with the zero section of TM is the identity 
on M, the image of the zero section of a*TM in V is (a, a) as required. □ 

Definition 3.16 Let : Tgi{a*TM) Ua be the resulting bijection. 

In detail, this map is as follows: let jS e Fgi (a'TM) and let ^ be the cor- 
responding loop in TM, so p(t) = (t,p(t)). Then (ti x r])^{p) = (a,rj^(|S)) so 

The domains of these functions are sections over of smooth orientable 
finite dimensional vector bundles. We equip these with the smooth structure 
as in corollary 13. 121 On the other side, since a e Ua, the family {Ua] covers the 
loop space of M. Thus we have an open covering of the loop space by sets each 
of which we can identify with a linear space with a chosen smooth structure. 

We now turn to the investigation of the transition functions. We shall prove 
a slightly stronger result than is needed at this moment in that we shall allow 
the local addition to vary. As well as showing that the transition functions are 
smooth this will show that the maximal atlas so defined contains all such charts 
with any choice of local addition. 

Let7]i,?]2 : TM M be local additions with corresponding neighbourhoods 
Vi, V2 of the diagonal in M X M. Let ai,a2 be smooth loops in M. Let ^1 : 
Fsi (a; TM) Ui, ^2 : Fgi (a* TM) U2 be the corresponding charts. 
Lemma 3.17 Let W12 c a[TM be the set: 

{it,v)ea'JM:ia2it),T]i{v))eV2]. 

Then Wn is open and Wi~^{Ui Pi U2) = Fsi(Wi2). 

Proof. The set W12 is open as it is the preimage of an open set via a continuous 
map. To show the second statement we need to prove that y e Fgi (a* TM) 
takes values in W12 if and only if ^1 (y) e U2 (by construction we already have 
^i(y) e Ui). 

So let y e Fgi (aTM) and let y be the image of y in LTM. Thus y{t) = {t, y{t)). 
Now y takes values in W12 if and only if: 

(a2{t),m{y{t)))eV2 

for all t e S^. That is to say, if and only if {a2, ']i^(y)) £ LV2- By definition, this 
is equivalent to the statement that /]i^(y) e U2- Now Tji^iy) = ^i(y) so y takes 
values in W12 if and only if Vi(y) e Ui n U2- □ 

Proposition 3.18 The transition function: 

$12 := ^r^^2 : Wi-\Uu) ^2"^(!ii2) 

is a diffeomorphism. 

Proof. We define W21 c a'TM as the set of (f, v) e a'TM with (ai(f), t]2{v)) e Vi. 
As for W12, "V-^Ui n U2) = Fsi(W2i). 

The idea of the proof is to set up a diffeomorphism between W12 and W21 . 
Corollary 13.121 says that the resulting map on sections is a diffeomorphism. 
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Finally, we show that this diffeomorphism is the transition function defined in 

the statement of this proposition. 
Let 01 : Wi2 TM be the map: 

The definition of W12 ensures that {a2{t),rii{v)) e V2 for (t,v) e Wu and this is 
the image of tt x 7]2- Hence 0i is well-defined. Define 62 : W21 — > TM similarly. 
These are both smooth maps. 

Notice that 71(71 x rj,)"^ : c M x M — > M is the projection onto the first 
factor and rjiin x rj;)"^ : — > M is the projection onto the second. Thus 
ndi{t,v) = a2{t). Hence 0i : Wn TM is such that {t,6i{t,v)) e a^TM for all 
{t,v) e W12. Then: 

(ai{t\q2ieiit,v))) = (ai(0,r]i(t^)) e 
so (t, di{t, v)) e W21. Hence we have a map (pu : W12 W21 given by: 

</)l2(f,l^) = a diit,v)). 

Similarly we have a map (p2i : W21 — > W12. These are both smooth since the 
composition with the inclusion into x TM is smooth. 

Consider the composition (j)2i(pi2{t, v). Expanding this out yields: 

(piKpnitfV) = (\)2\{t, 0\{i,v)) 

= {t,d2{t,ei{t,v))) 

= (t,{nxr]ir\ai{t),r]2{ei{t,v)))) 
= (t,(7TXryi)-i(ai(0,/]i(i'))) 
= (t,{nxr]i)-\n{vlr]t{v))) 
= {t,v). 

The penultimate line is because {t, v) e a^TM so t[{v) = ai{t). 

Hence (p2i is the inverse of (p\2 and so (pi2 : W12 — > W21 is a diffeomorphism. 
Thus the map cpu'' is a diffeomorphism from ^r^CUi n U2) to ^2~HlJi n U2). 
We just need to show that this is the transition function. It is sufficient to show 
that ^2(piz^ = ^2^12- The right-hand side is, by definition, Wi, which satisfies: 

^i(7)(0 = r?i(f(0) 
where 7 : — > TM is such that y{t) = {t, f{t)). On the other side: 

= (t,dx{t,m) 

= {t,(nxr]2rHa2{t),mifm), 

hence: 

^2C^)i2^(7)(t) = r?2(7T X r]2)-Ha2{t)Mfm 

as required. Thus cpn^ = O12 and so the transition functions are diffeomor- 
phisms. □ 
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Remark 3.19 There is no a priori reason why we needed to assume that M was 
a finite dimensional manifold. All we needed was to know what the smooth 
structure of M was and to know that it had a local addition. Since the loop of a 
local addition is again a local addition, we could iterate this construction and 
show that any iterated loop space is a smooth manifold. 

3.4 The Loop Space of the Tangent Space 

The next topic that we wish to consider is the topology of the space LM. It is 
usually defined, by analogy with the topology of LR", as a projective linut of 
the maps LM C(S^, T^'^'M) where T^'^'M is recursively defined as the tangent 
space of T^'^'^^M, and T*^' M = TM. We shall not define the topology this way but 
shall show that our definition is equivalent. To do this, we need to know how 
the structure of LM relates to that of LTM. This is a useful piece of knowledge 
that we shall use again when we look at the tangent space of LM so we record 
it in its own section here. 

We mentioned earlier that we wish to replace the source of the local addition 
by an arbitrary vector bundle, albeit one isomorphic to the tangent bimdle. 
We can either repeat all of the above with arbitrary sources for the two local 
additions to see that the charts so defined lie in the same atlas, or we can simply 
observe that as the source must be isomorphic to the tangent bundle, we can 
use an isomorphism to transfer the local addition to the tangent bundle and 
also to define a linear diffeomorphism between the model spaces. Thus any 
chart defined using an arbitrary vector bundle factors through one that uses 
the tangent bundle and hence is in the same atlas. 

The first application of this is to lift the charts defined for LM to charts 
for LTM. Let T^^'^M be the tangent bimdle of TM. Let i] : TM ^ M be a 
local addition with corresponding open neighbourhood V c M X M. Then 
drj : T^^^M — > TM is a local addition in this new sense but not in the strict sense. 

This is because dnxdrj : T'^'M — > TV is a diffeomorphism and TV is an open 
neighbourhood in TM X TM of the diagonal. However while dn : T'^'M — > TM 
is a vector bundle projection it is not the projection of a tangent bundle onto its 
base. Rather we have a commutative diagram of vector bimdle projections: 

T(2)M TM 
TM M 

where every map except dn is the natural projection of a tangent bundle onto 

its base. 

In all of the following, we consider T^^'M as a vector bundle over TM via 
the map dn. 

Using this local addition we get a chart O^, : rsi(a*r*^'M) Va for any a e 
LTM. The first thing to observe about this chart is that Va = {n^)~^(U„Lg,), where 
71^ : LTM — > LM is the loop of the projection and U^t^ is the codomain of the 
chart at n^a defined using the local addition rj. This is because TV = (nx n)~^V 
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and so: 



Va = {^e LTM : {a{t),^{t)) e TV all t e S^} 
= {jS e LTM : {na{t), nj3(0) e V all teS^} 
= {jS e LTM : Ti^jS e U^lJ 

Thus to get a cover of LTM, we start with a family of loops in M such that 
the corresponding charts cover LM and then we pick any-old lifts of these 
loops to TM. One of the most straightforward ways to choose such a lift 
is as follows: let r : —> TS^ be a section. Define t : LM — > LTM by 
ta = daoT:S'^^TS^^ TM. 

Proposition 3.20 The map f induces a natural map on sections: f : Ysi{a''TM) — > 
rsi((ta)*T(^'M). A trivialisation of a'TM induces a trivialisation o/(ta)*T(^'M such 
that the following diagram commutes: 

LR" > Fgi (a*TM) — ^ U„ — ^ LM 

i i i 

LTR" > rsi((ta)T(2)M) Vfa — ^ LTM. 

Proof. We shall start by explaining the two maps induced by t. The space a'TM 
is an embedded submanifold of x TM. It can be defined as the preimage of 
the diagonal in M x M tmder the map (f, v) {a{t), Its tangent space is 
therefore an embedded submanifold of TS^ X T*^^M and is the preimage of the 
diagonal in TM x TM under the map da x dn. Hence T(a*TM) is the pull-back 
of dn : T^'M TM under da. 

Now a section /? of a*TM is a special kind of map f} : ^ a*TM. It therefore 
differentiates to a map dj3 : TS^ Tia'TM) = (da)*TP)M. As j3 is a section, njS 
is the identity on S^, hence dndfi is the identity on TS^ and so dfi is a section of 
(rfa)*TP)M. We compose this with x to get djS o t : ^ (da)*T(2)M. As dp is a 
section, dnd^x = t and so djSz is a section of T*(da)*T(^^M. As z*{da)* = {dazY, 
d^T is a section of of (ta)*T*^)M. Thus we have the map t : jS ^ djSz from 
sections of a'TM to sections of (ta)'T'^^M. 

The other map works similarly: let (/) : X R" a*TM be a trivialisation. 
This differentiates to d(p : TS^ X TW T{a'TM) = {da)'T^^'>M which is a 
trivialisation over TS^. This pulls-back via t to a trivialisation X TM" — > 
T*(da)*T(2)M. The left-hand side of this is x R^" and the right is (Ta)'T^^^M. 

To see how the commutative diagram works, we start with a loop in R" and 
trace how it becomes a loop in M. Let jS : — > X R" be the map t — > {t, jS(t)), 
then the loop in M is the composition: 

xR" -t a'TM Q xTM ^ TM-^ M. 

We differentiate this, and use the identification of r(aTM) with (da)T*^'M c 
TS^ X T^^'M to get the map: 

rsi % TS^ X TR" ^ (da)TM c TS' x T(2)m ^ tP)m ^ TM. 
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The first four terms in this sequence are fibre bundles over TS^ (viewing 

TS^ as a bundle over itself with one-point fibres) and all the maps are of fibre 
bundles. Therefore we can pull-back these terms over using the section 
T : — » TS^. The map from the fourth to fifth terms is the projection of the 
product away from TS^ so is unchanged under the pull-back. The third term is 
(ta)*r*^)M and the second map is the induced trivialisation of this bundle. The 
first map, x'd^, fits into the diagram: 

-JL^ TS^ X TSR" 

t| txi| 

si SixTM". 

Differentiating j3(0 = (t,j3(0) yields dj3 = (l,djS)andso(i/joT = {T,d^o%) = (T,tj3). 
Hence (T*djS)(t) = (t, tjS(t)). Thus t df^ is the map S^ TW corresponding to 
the map tjS e LTE". Write this as t^. 

We therefore have the commutative diagram: 

TSi -JL^ X TR" (da)T(2)M > T^^'>M '''' > TM 

Si Si X TM" (ta)TP)M > TM. 

Going first up and then all the way along results in (dM^a(jS))T = tVa(jS). Going 
up at the third stage, (ta)T*^^M, shows that this factors through the map t 
on sections, whilst going all the way along and then up shows that it factors 
through the map t : LW — > LTIR". Hence the commutative diagram of the 
statement of this proposition is true. □ 



3.5 The Topology of the Loop Space 

We now turn to the topology on LM. 

Definition 3.21 The topology on LM is the topology such that W c LM is open if and 

only ifW~^{W) is open for all 

Since the transition functions are diffeomorphisms and hence homeomor- 
phisms, it is sufficient to check this condition using a family of charts which 

cover LM. 

To investigate this topology we start with the topology of the continuous 
loop space, C{S^,M). The topology on this is similar to the "compact-open" 
topology on C{S^, W). A basis consists of the sets: 

N{K, U) := {a e C{S\M) : a{K) c U} 

where K runs through the family of compact subsets of Si and U through the 

open subsets of M. 

With this topology, the space C(S^,M) has the following properties: 

1. It is a separable metrisable space. An explicit metric is 
dctsia,^) := sup{dM(a(0,j3(0) : t e S^} 
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where d-M is a metric on M compatible with its topology; for example, that 
which comes from a Riemannian structure. 

2. The space of smooth loops is dense. The standard proof of this is to show 
that any continuous loop can be approximated to an arbitrary degree by 
a piecewise geodesic. Any piecewise smooth loop can be approximated 
(in the compact-open topology) by a smooth one by "rounding off the 
corners". 

Lemma 3.22 The natural inclusion LM C(S^M) is continuous and the codomains 
of the charts are open for the induced topology. 

Proof. We start with the statement on the codomains. Recall that the codomain 
of ^'a is the set Ua such that {a] xUa = {{a} x LM) n LV. Now a loop in V is 
smooth if and only if it is smooth as a loop in M X M, so as a is smooth the 
right-hand side of this is: 

[[{a} X CiS\M)) n CiS\ V)) n (LM X LM). 

Hence if U° c C(S^M) is the continuous version of Ua, then Ua = LM n LJ°. As 
V is open in M X M, C{S^, V) is open in C{S^,M) and so Ul is open in C{S^,M)- 
Hence Ua is open for the induced topology on LM. 

The topology on LM is defined such that W c LM is open if and only if 
W~^(W) is open for all a. Thus a map / from LM is continuous if and only if all 
the compositions f oWa are continuous. 

A smooth trivialisation of a.*TM identifies Fgi (a' TM) with LIR". It also 
identifies the space of continuous sections, F^j (a' TM), with the continuous 
loop space, C(S^, R"). The obvious square commutes. As with smooth sections, 
a section of a'TM is continuous if and only if the induced map — > TM is 
continuous. Therefore there is an analogous map: 

W° : r°, {aTM) ^ U^, ^(iS)(0 = ^(^(0). 

In this case, we have a topology on the target already. That the map Wf, is 
continuous for this topology is a direct consequence of the fact that if / : X ^ Y 
is continuous then the induced map : C(S\X) C(S\ Y) is continuous. 
Consider the following diagram: 

LR" — ^ rsi(/rM) ) LM 

C(Si,R") ro,(/TM) ^ C(Si,M) 

The map Im is continuous if and only if iM°^y is continuous, for each y. This 
is the same as ^yiy. Then iy is continuous because it is equivalent to zr-i which 
is the inclusion of smooth loops in continuous loops in Euclidean space. □ 

This result has some useful corollaries: 
Corollary 3.23 ]Nith this topology, LM is: 

1. Hausdorjf, 
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2. regular, 

3. second countable, and 

4. paracompact. 

Proof. 1 . Any topology finer than a Hausdorff topology is Hausdorff. View- 
ing LM as a (topological) subspace of C(S^,M), the induced topology is 
Hausdorff as C(S^,M) is metrisable. Hence the given topology on LM is 
Hausdorff. 

2. With the compact-open topology, LM is a regular space. Therefore, as the 
codomains of charts are open for the compact-open topology, every point 
has a closed neighbourhood contained in the codomain of a chart. 

Let C c LM be a closed set and y ^ C. Let D be a closed neighbourhood 
of }' that is contained in the codomain of a chart. The chart map induces 
a homeomorphism between D and a closed subset of a locally convex 
topological vector space, which is regular as a topological space. 

Therefore, there is a set B which is open in D such that y e B and the 
closure of B does not meet D n C. Let B be the intersection of B with the 
interior of D. As D is a neighbourhood of y, this is still a non-empty set 
containing y. Moreover, as an open subset of the interior of D, it is open 
in LM. Its closure in LM is the same as its closure in D. This does not 
meet D n C, whence - as it is contained within D - it does not meet C. 

Hence LM is regular. 

3. We start by observing that a countable number of codomains of charts 
will cover LM. This is because with the compact-open topology, i.e. with 
LM viewed as a subspace of C(S^,M), LM is second countable (as it is 
a subspace of a second countable space). It is therefore Lindelof. Now 
the codomains of the charts form an open covering zvith the compact-open 
topology, hence a countable number of them, say the family [U„], will 
cover LM. 

Each chart codomain is homeomorphic to an open subset of the separable, 
metrisable space LR" . It therefore is itself second countable. Thus for each 
codomain in our countable covering we choose a countable basis for the 
topology. This forms a countable family of open sets which we claim is a 
basis for the topology. 

This is straightforward: for W C LM open, as the countable family of 
codomains covers LM then W is the imion of W n Un- Each of these is 
then the union of sets in our basis. Hence W is the union of sets in our 
basis. Thus LM has a countable basis and so is second countable. 

4. We use the following two results: 

(a) A second countable space is Lindelof, and 

(b) A Lindelof regular space is paracompact. □ 

From this, various topological results follow including the fact that LM is 
metrisable. We shall quote from IKM97I the result that LM is smoothly paracom- 
pact which means that it admits smooth partitions of unity subordinate to any 
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open cover. This implies that it is smoothly Hausdorjf in that any two points can 
be separated by a smooth function. 

We have now proved that: 
Theorem 3.24 The space LM is a smooth manifold. 

The topology on LM is usually given in a different way to that which we 
have used. The section t : — > TS^, T{t) = {t, ^) defines a section LM LTM 
and thus, by iteration, LM LT^^^M. Composing this with the inclusion of 
smooth loops in continuous loops yields a family of maps LM C(S^, T'^^'M). 

Proposition 3.25 The topology on LM is the projective topology for this family of 
maps LM C{S^, T^'^^M). 

Proof. We apply proposition 13 .201 with the section T{t) = (f, ^) to see that the 
following diagram commutes: 

LW ) LM 

LTR" ) LTM 

1 1 

C(S\TK") > C(SMM). 

The topology on LIR" is the projective limit of the obvious iteration of this 
diagram. Therefore we can construct a basis for the topology on LM out of 
sets which are the preimage of open sets in each C(S^, T^'^^M), which is precisely 
what is meant by the definition of the projective topology. □ 

3.6 Loopy Maps 

In this section we look at some maps involving loop spaces that ought to be 
smooth and show that indeed they are so. 

One corollary of the proof of proposition 13.251 is that the canonical map 
LM —> LTM given hy a ^ a' is continuous. Further, we can show that it is 
smooth: 

Lemma 3.26 Let t : ^ TS^ be a section. The map LM LTM, a ^ ta = {da)T, 
is smooth. 

Proof. Let a e LM. From the proof of proposition 13.251 we have charts for 
LM and LTM with chart maps and such that the following diagram 
commutes: 

LM" — ^ LM 

LTR" ) LTM. 

Hence if we can show that the statement of the lemma is true for M = ]R" we 
can deduce that it holds for all M. However, this is obvious as it is a linear 
bounded map. □ 



21 



There is another class of maps that it will be useful to know are smooth: 

Proposition 3.27 Let f : M ^ Nbea smooth map between smooth finite dimensional 
manifolds then : LM LN is smooth. 

Proof. This is essentially the same argument as when we showed that the tran- 
sition fimctions were smooth. We need to show that the loop of / is smooth in 
charts. Let j]m : TM M and 7]jv : TN ^ N be local additions with neighbour- 
hoods Vm and Vjv of the respective diagonals. Let a e LM. We therefore have 
charts : a'TM Um and Wn : {f^afTN ^ !Jn at a and (/^a) respectively. 
Let W c a*TM be the set: 

{{t,v) e aTM : {f{a{t)), f{^M{v))) e V^]. 

We claim that e TgiCaTM) takes values in W if and only if /^(^M(iS)) e /iw- 
Let /3 e LTM be such that the section t {t,^{t)) is p. Then ^uip) = ^M^CjS). By 
the definition of Un, /^(^M(iS)) e Un if and only if {f{a){t),f{^'M{p)){t)) e Vn 
for all t. As f{a){t) = f{a{t)) and /(^M(iS))(f) = f imih)))' this is equivalent to 
(i,j3(0) e W for all t, i.e. that j3 takes values in W. 

As for the transition functions, let : W — > TN be the smooth function: 

d{t,v) = {tin X i]Nr\f{amf{i]Mm. 

Exactly as for the transition functions, n^Oit, v) = f{a{t)) and so the map (f, v) 
{t, 6{t, v)) is a smooth map W (/^a)*TN (smooth as it is smooth into x TN). 

Hence we have a smooth map from sections that take values in W into 
rsi(/(a)*rN). It remains to show that this is the map induced by /; that is, 
f^^^M = ^N@- This is straightforward. Let jS e Tgi (a*TM) take values in W and 
let jS be the related loop in TM. Then: 

{f'^M){m)=nriMm))) 

whilst: 

(Vn0)(|S) = nNiriN X nNrHfiamfimmm = fimim)- 

Hence is the map on charts corresponding to f^. Thus f^ : LM —> LN is 
smooth. □ 

The other result about maps that we wish to prove is a variant of the 
exponential law: 

Theorem 3.28 Let M, N be smooth manifolds with M finite dimensional. Let f : N ^ 
LM be a map and let : x N ^ M be the adjoint: f^{t,x) = f{x){t). Then f is 
smooth if and only iff^ is smooth. That is, the assignment f ^ is an identification: 

C^{N,LM) = C°{S^ X N,M). 

As stated, this is a corollary of |IKM97' Theorem 42.14] with their {M,M, N) 
corresponding to our (N, S^,M). We give a self-contained proof here. 

Proof. We start with the linear case: M = IR" and N is an open subset of a 
convenient vector space. Thus we have f : N ^ LR" and : X N ^ R". 
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Let 7T : ]R ^ be the standard covering map. Now X N is a smooth 
manifold modelled on RxN using the usual charts for sottxI : IRxN S^xN 
is a local diffeomorphism. Hence is smooth if and only if (tt x 1) is smooth. 

On the other side, pre-composition with n defines a linear embedding of 
LR" onto a closed subspace of C°°(R, R") as in the proof of proposition 13.71 
Therefore / is smooth if and only if the map x —> f{x) o tt is smooth. 

The adjoint of x — > f{x) o ti is the map: 

it,x) ^ (/(X) o nm = f{x)(n{t)) = r{n{t),x) = f{n x l){t,x). 

Thus by the original exponential law, theorem 13.41 the map x —> f{x) o tt is 
smooth if and only if /^(tt X 1) is smooth. Hence / is smooth if and only if 
is smooth. 

In the general case, we use charts to move into the linear one. However, 
with things as they stand we find that we are only partially successful: we 
may assume that N is an open subset of a convenient vector space and that 
the codomain of / is contained in the codomain of a chart but it may not be 
possible to assume that the image of : X N ^ M is contained in the 
codomain of a chart. The easiest way around this is to enhance to the map 
f'-.S'^xN^S'^xM, {t,x) {t,f{t,x)). This is smooth if and only if f is 
smooth. 

Let : Fgi (a*TM) —> U„ be a chart for LM defined using a local addition, i], 
on M with neighbourhood V of the diagonal in M x M. Let Va c x M be the 
open set {(t,x) : (a{t),x) e V}. We claim that the evaluation x U„ ^ x M 
maps into Va and moreover that there is a commutative diagram: 

Si X Tsi{a*TM) -^^^ x Ua 

a'TM — ^ Va 

where both vertical maps are evaluations and both horizontal maps are diffeo- 
morphisms. The map is defined as follows: there is a map 

a*TM cS^ xTM^ xM 

which, we claim, has image Va and is a diffeomorphism onto that image. To 
see this, consider the diagram: 

Si xMxM 

I 

S^ x M, 

where the right-hand vertical map is {t, x) — > (t, a{t), x). Each vertical map is an 
embedding and the first upper horizontal map is a diffeomorphism. It is clear 
that a'TM corresponds to Va on the upper level and hence the map a*TM Va 
is a diffeomorphism. 

To see that diagram ^SlJ commutes, let jS e Tsi{a*TM) and /3 e LTM be 
related as usual, so ^„(jS) = 7](j3). Thus W„(jS)(0 = 7](^)(0 = 7](|3(0) and so going 



SixTM S'xV 

1 I 

a'TM Va 
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along and then down is the map: 
Going down and then along, we get: 

(1 X r]){m = (1 X mJit)) = a,7](i§(0)). 

Now is the composition of: 

XN ^ XUa^Va^S^ xM 

where the map x Ua Va is the map {t,y) {t,y{t)). Thus the pair {f,f^) 
defines a pair {g, g^) with g:N ^Tgi (a'TM) and g^ : xN ^ a'TM such that 
g is smooth if and only if / is smooth and g^ smooth if and only if is smooth. 

A smooth trivialisation of a'TM identifies that space with x R" and 
sections with LR". Thus we can regard g and g'^ as maps into LR" and x R" 
respectively Moreover, g'^{t,x) = {t,g'^{t,x)) so g^ is smooth if and only if 
g'^ : X N ^ R" is smooth. 

We are thus in the linear case and so g is smooth if and only if is smooth. 
Hence / is smooth if and only if is smooth. □ 

Corollary 3.29 Let e : x LM — > M be the evaluation map: e{t, y) = y{t). Let 
t : M — > LM be the inclusion of constant loops: l{x) = (f — > x). Both e and i are 

smooth. 

Proof. The map e is adjoint to the identity LM — > LM, hence is smooth, whereas 
I adjoints to the projection map X M — » M, hence is smooth. □ 

For the second of those maps we can actually prove a stronger result: 
Proposition 3.30 The map t : M — » LM is an embedding. 

Proof. Let : TM — > M be a local addition on M with y c M xM the correspond- 
ing neighbourhood of the diagonal. For x e M let 7]^: : Tj:M Vx Q M be the 
restriction of rj to T^M, where Vx = rjiT^M) is such that [x]xVx = ({x} xM) n V. It 
is a simple result from finite dimensional differential topology that this family 
defines an atlas for M. 

Let Wx : Fgi (yx'LM) Ux be the chart for LM at the constant loop yx- As 
yx is a constant loop, yx*TM = x TxM. Define TxM Tsi{yx*TM) hyv-^ 
where jSt,(f) = {t, v). This is smooth since it is linear and bounded. 

Now [x] xVx = {{x] xM)nV and {yx} xUx = {{yx] x LM) n LV. Under the 
inclusion M — > LM and V ^ LVwe thus have Vx=Mn Ux. We claim that the 
following diagram commutes: 

TxM ) Vx 

1 1 

Tsi{y/TM) Ux. 

To see this, let p e r5i(yx*T'M) and ^ e LTMbe related as usual. Thus jS satisfies 
TijS = yx and so jS e Lr;,M. By definition, Wxi^) = rii§) = rixi§). Now p„ is the 
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constant map at u e TvM and so Wxif^v) is the constant map at i]x{'i^)- Hence the 
above diagram commutes. 

Thus these charts satisfy the requirements for exhibiting M as a submanif old 
of LM. □ 



3.7 Vector Space Idol 

In proving the topological results about the space of smooth loops we used 
the fact that the chart maps extend naturally to continuous loops. In fact, the 
chart maps can be used to construct a manifold structure on the spaces of many 
different types of loop. The key ingredients are: 

1 . The type of loop is at least continuous (with topology at least as fine as 
the compact-open topology) and at most smooth, and 

2. The smooth structure is diffeomorphism-invariant. That is to say, for 
V,W c X W open subsets and i/' : V — > W a diffeomorphism, the 
induced map on the appropriate t5^e of sections is a diffeomorphism. 

With these two properties, we can adapt the work of section lS3l to this new 
type of loop. To keep the alterations as straightforward as possible, we still 
anchor our charts at genuinely smooth loops: the first condition above ensures 
that these charts still cover the loop space. If we allowed other anchors, we 
would have to expand the second condition above to homeomorphisms that 
are fibrewise diffeomorphisms and satisfy some sort of condition amongst the 
fibres. 

Where we may run into trouble is with the topological properties of the new 
loop space. In particular, we need the model space to be second countable to 
prove that the loop space is second countable. If this fails, paracompactness 
is also thrown into doubt. The space will always be Hausdorff and regular, 
though. 

Thus, for example, the space of continuous loops is a smooth manifold, as is 
the space of H^-Sobolev loops. However, this technique is not going to define 
the space of L^-loops. 
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4 Looping Bundles 



In this section we consider the general construction of looping a bundle. That 
is, given a bundle n : E —> M we consider the resulting triple : LE ^ LM. 
Our central theme is vector bundles, but we take in principal bundles, gauge 
bundles, and connections on the way. We start by considering the tangent space 
of LM, showing that it is diffeomorphic to the loop of the tangent space of M. 
We conclude by commenting that this does not hold for the cotangent bundle. 

4.1 The Tangent Space 

Tangent spaces in infinite dimensions can be problematic: there is the kinematic 
tangent space consisting of the derivatives of short curves and the operational 
tangent space consisting of derivations of functions. In finite dimensions these 
are the same, but that need not hold in infinite dimensions. The kinematic 
always satisfies TE = ExE for a convenient vector space E, but the operational 
tangent space may be much larger - it at least contains the bidual (|KM97| 
28.3]). We shall not go into a detailed discussion here since for LIR", IKM971 
Theorem 28.7] implies that the two notions coincide. For more on the types of 
tangent vector see |KM97' §28]. 

We start with a straightforward result on the structure of the tangent bundle. 

Proposition 4.1 The tangent bundle of EM, TLM, has the structure of a bundle of 
EM-modules. 

Proof We have local charts U„ = LIR" and so locally TUa = LM" x LR". Thus we 
can attempt to transfer the natural LlR-module structure on LR" to the tangent 
spaces of LM. Lemma [3.91 shows that we can do this as from it we deduce that 
the derivatives of the transition functions are LR-linear. □ 

Our main theorem is the following characterisation of the tangent space. 

Theorem 4.2 There is a natural diffeomorphism TEM —> ETM covering the identity 
on EM. 

The idea is that a small perturbation of a loop involves a small perturbation 
of each of its points and so we have a loop of small perturbations of points. 

Proof. The evaluation map X LM M differentiates to a smooth map: TS^ X 
TLM —> TM. We compose this with the the zero section — > TS^ to get a 
smooth map X TLM TM. This is the adjoint of a map TEM ETM which 
is thereby shown to be smooth. As the map x TEM TM projects down to 
the evaluation map X LM M, the map TEM ETM projects down to the 
identity on LM. 

In the case of Euclidean space, we have a natural identifications of TLIR" 
with LR" X LR" and of TR" with R" x R". It is simple to show that under 
these identifications, the map X TLR" — * TR" described above becomes 
(i, a,jS) {a{t),f5{t)). The adjoint of this is the canonical isomorphism LR" x 
LR" — > L(R" X R"), which is a diffeomorphism. Hence the result is true for 
Euclidean space. 

For the more general case we consider the local situation. We choose a chart 
at a loop a e LM. Using a trivialisation of a*TM we extend the chart map to 
Wa ■ LR" Ua. This trivialisation also extends diagram i3.H of the proof of 
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theorem 13.281 in the obvious way. Hence the evaluation map X Ua M 
factors as: 

We differentiate this and evaluate on the zero section to get: 

X TUa ^S^x TLM" -^S^x TR" T^^'>M ^ TM. 

We now 'de-adjointise' this. As the second map is {t, a) — > (t, a{t)), the image of 
TLU" in L(Si x TM") is Ts^iS'^ x TU") which we identify in the usual way with 
LTU". Thus we get: 

TUa TLR" LTU" LT^^'M ^ LTM. 

From proposition l3.20l the induced map LTR" — » LTM is a chart map, hence a 
diffeomorphism onto its image. The first map is the derivative of a chart map 
for LM, hence is a diffeomorphism. We have already shown that the second 
map is a diffeomorphism. 

Thus the map TLM — > LTM is a local diffeomorphism where by "local" we 
mean in LM. As both are spaces over LM and the map is of spaces over LM we 
therefore have a diffeomorphism. □ 

Corollary 4.3 There is a canonical identification as LTR-modules of TaLM with 
rsi(aTM). 

Proof. As the isomorphism TLM LTM covers the identity on LM, the tangent 
space at a e LM identifies with the set of loops in TM which project down to a. 
As we have already seen, this is naturally Tgi (a*TM). 

For the LR-module structure, we observe that a trivialisation of a'TM iden- 
tifies TaLM with TqLR" and rsi(a*TM) with LR". The identification between 
these is the canonical identification of TqLR" with LR" which is LR-lrnear. □ 

This needs a word of explanation. The chart map at a e LM, Wa : 
rsi(a''TM) Ua identifies the tangent space at a point of Ua with r5i(a*TM) 
and so in particular we have an identification of the tangent space at a with 
Tgi (a'TM). The problem with this is that it may depend on the local addition 
Tj used to define the chart map. Moreover, we have also relaxed the definition 
of a local addition so that the vector bimdle did not need to be TM, though a 
fortiori it has to lie in the same isomorphism class. In this case, the chart map 
identifies the tangent space of a with Fgi (a*E) which, although isomorphic to 
Tgi {a*TM) does not seem to be canonically so. 

The solution is that differentiating the diffeomorphism {n X rf) : E ^ V 
defines an isomorphism of bundles n*E = ker dn {n x 7])*rM, where the 
TM is the second factor in r(M x M). Over the zero section of E we thus get 
an isomorphism £ TM defined canonically from the local addition. The 
isomorphism TaLM rsi(a*rM) uses this isomorphism of bundles. One 
caveat of this is that if it so happens that our local addition was defined on TM 
then the canonical identification of the above corollary may not be the simple 
identification coming from the chart map. 

Now that we have this identification of the tangent bundle, we can extend 
proposition l3.2/1 
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Proposition 4.4 Let f : M ^ N bea smooth map between finite dimensional smooth 
manifolds. Under the identifications TLM = LTM and TLN = LTN we have: d{f^) = 
{dff. 

Proof. This is a local result so it is sufficient to work in LR", where it is obvious. 

□ 

4.2 Vector Bundles 

We start by considering various loop spaces associated to a vector bundle. 
We shall formulate our results for a general finite dimensional vector bundle 

^ := E M. To avoid dealing with the twisted situation, we assume that E is 
orientable. 

The fibrewise vector space structure on E can be thought of as consisting of 
two maps: ]R X E ^ E and E Xm E — > E, satisfying certain relations. As before, 
E Xm E is an embedded submanifold of E x E and so a map into E Xm E is smooth 
if and only if the composition with the two projections to E are smooth. 

We can loop both of these maps and get: LR xLE —> LE and L(E Xm E) — > LE. 
These satisfy similar relations to the ones satisfied by the maps on E. To identify 
L(E Xm E), from the remark above this consists of pairs of loops in E which, time- 
by-time, project down to the same point on M. That is: 

L(E Xm E) = {(a,jS) elExLE: ni{a{t)) = TT^.(jS(0) for all teS^]. 

Now 7T£(a(f)) = 7T£(jS(0) for all t if and only if 7i/(a) = n^H^). Thus L(E Xm E) = 

LE X]^M 

Hence we have a structure on the fibres of til^ :- n^^ : LE LM similar to 
that on the fibres of tt^; : E — > M. That is, the fibres of LE LM naturally have 
the structure of LR-modules. Note that this implies that they are vector spaces 
as there is an inclusion ]R LM. What we wish to show is that this structure is 
locally trivial and thus defines an LR-module bundle over LM. 

We start by noting that, as for the case E - TM, the fibre of LE above a loop 
a e LM can be naturally considered to be rsi(a*E). Moreover, the LR-module 
structure defined above on the fibres of LE LM is the natural LR-module 
structure on r5i(a*E). Thus once we have established that LE is a locally trivial 
bundle of LR-modules over LM, the isomorphism of theorem 14.21 will be of 
LR-module bundles. 

The mainstay of the analysis of the loop space of E in terms of that of M is 
that we do not need to use a local addition on the whole of E to define the charts 
for LE. All we need is the local addition on M together with a connection on E. 

The bundle TM ® E can be realised by the Whitney sum. This identifies the 
total space of TM ® E with the pull-back of TM x E ^ M x M by the diagonal 
map M ^ M X M. Thus the total space of TM ® E is: 

TM Xm E := {{u,v) eTMxE: n{u) = n^{v)}. 

The obvious projection maps TM Xm E to TM and to E fit together to give a 
commuting diagram: 

TMxmE > E 

1 i- 

TM — ^ M. 



28 



Thus we can think of TM Xm E as the total space of any of: TM ® E — > M, 
n'E TM, or nJTM ^ E. 

Let T] : TM ^ M be a local addition on M with V c MxM the corresponding 
open neighbourhood of the diagonal. For v e TM, define P„ : E„(„) — > Erj{u) to be 
the operation of parallel transport along the path t — > ri{tu) (recall that r](OM) = 
n{u)). Using this, we define a variant of local addition. Define : TMXmE — > E 
by /^(m, z;) = Pu{v). Note that this is well-defined since n^iv) = n{u) sov e E„(u)- 
Observe that n^fiiu, v) = ?](«) so we have a commutative diagram: 

TMXmE — ^ E 

I h 

TM — ^ M. 

Consider the map nx ^ : TM Xm E — > M X E where, by abuse of notation, 
the map n : TM Xm E — > M is (m, v) n{u) = n^{v). Let Ey := {{x, v) e MxE : 

{x,ndv))eV]. 

We claim that n X y. : TM Xm E — > Ey is a diffeomorphism. The most 
geometric way to see this is to observe that there is another space hidden in the 
background, namely: 

TM x^ E := {(m, v)eTMxE: t]{u) = n^iv)}. 

This is the pull-back of E over TM via r/, so the following diagram commutes: 

TMx^E — ^ E 
TM — ^ M 

The map nxrj: TM -^VqMxM is a diffeomorphism, so 7i x p : TM x^ E -> 
Ev c M X E is also a diffeomorphism. 

Now TM X,, E is isomorphic to TM Xm E as bxmdles over TM since n : 
TM M and rj : TM M are homotopic maps. An explicit homotopy is 
h{v, t) = rjitv). This defines an explicit isomorphism between the bundles by 
parallel transporting the bundle along the fibres of the homotopy, i.e. along the 
paths t rj{tv). This isomorphism is (u, v) {u, Pui^))- Hence the composition 
of this with p is jj.. Thus nx fi : TM Xm E ^ Eyisn diffeomorphism. 

We wish to play the same game for [i : TM Xm E ^ E that we had for 
T] : TM — > M. That is, we wish to construct maps that have the effect of sending 
a section (5 of something to the loop f — > /i(j3(f)) in E. Clearly, we must be able to 
think of jS as a loop in TM Xm E, just as in the case of M we thought of a section 
of a*TM as a loop in TM. We have three candidates for what the section is of 
since TM Xm E has the structure of a vector bundle over each of TM, E, and 
M. To determine the correct one, we recall from the story for M that the two 
components of the map nXrj : TM V c M x M were used as follows: the 
second defined the chart map, the first told us which chart we were in. 

Therefore, as we have nx ^ : TM — > Ey c M x E, we should try to index 
the charts by loops in M, not by loops in E. Thus the domain of the chart map 
will be sections of a*(TM Xm E) for a e LM. We can write this as a*(TM ® E) to 
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indicate this without constantly needing to remind ourselves that a is a loop in 
M. 

The codomain of the chart map is the set of loops in E with the property 
that (a(t),|3(t)) e Ey, for all t e S^. Now jS satisfies this condition if and only if 
{a{t),n^{^{t))) e V for all t e S^. Thus the codomain is {p e IE : ni,^{p) e UJ. 
Write this as LEu^. Note that this is the pull-back of IE LM under the 
inclusion Ua LM. These cover LE because the Ua cover LM. 

One can alter : TM Xm E ^ E to a full local addition on E by taking the 
pull-back of TM © E — > M via ti^ : E — > M. The resulting bimdle is isomorphic 
to TE and the map {in^^ : n*^{TM ® E) — > E is a local addition. This can then 
be used to show that the smooth structure coming from the charts constructed 
above is the same as the natural smooth structure on LE. 

We return to the charts defined by [i : TM Xm E ^ E. The domain of a chart 
is Fsi {a'{TM®E)). The total space of a*(rM © E) is the subset of x (TM Xm E) 
such that a{t) = n{u, v). From the definition of TM Xm E we can see that this is 
the subset of x TM x E such that a{t) = n{u) = ti^^{v). Therefore a section of 
a*{TM © E) can be written in the form t {t,p{t),y{t)) where j3 : ^ TM and 
y : — > E are such that a = n^ji = n^^y for all t e S^. Thus the map: 

(f ^ (t,i3(f),y(0)) ^ ((t ^ it,m))'(t ^ (f.r(O))) 

identifies Tgi (a*(TM © E)) with Tgi (a*TM) x Tgi (a*E). (It is simple to show that 
the identification LIR""^™ = LM" X LW" preserves all the structure including the 
smooth structure, so the identification of the spaces of sections given above also 
preserves the smooth structure.) 
We have: 

&a : rsi(a*TM) x rsi(a*E) ^ LEu„ 

satisfying: 

o«(js,7)(f) = ^mm)) = %)(f(0), 

where p{t) = {t,^{t)) and y{t) = {t,y{t)). 

Letyi,y2 e rsi(a*E). Letyi,y2 e LE be the corresponding loops. Letv e LR. 
The loop in LE corresponding to the section yi + vy2 is fi + vy2- Therefore, since 
V — » Pu{v) is linear: 

ea(/3,7i + vy2m = Pf,^t){Ht) + Ht)y2{t)) 

= (e„(jS,yi) + ve„(|3,y2))(0- 

Hence is LlR-linear in its second argument. 

Thus LE LM is a locally trivial LR-module bundle. The fibres are mod- 
elled on the spaces T^i (a'E). Since we assumed that E is orientable, these are all 
isomorphic to LIR" (as LK-modules) via a smooth trivialisation of a'E S^. 

4.3 Principal and Gauge Bundles 

The key in the analysis of the vector bundle was the existence of the parallel 
transport operator and the fact that it is linear. There are other bxmdles with 
such operators, the most common being principal bundles. 
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Let G be a finite dimensional Lie group, Q M a principal G-bundle. 
As always, we shall assume that it is orientable in that a*Q —> admits a 
section for any loop a : ^ M. Now LQ inherits an action of the loop group 
LG by {a ■ y)(f) = a{t) ■ yit). The space of sections of a'Q also has such an 
action. A trivialisation, a'Q = xG, identifies Tsi{a'Q) with LG and this is an 
isomorphism of LG-spaces. 

A connection on Q defines a parallel transport operator along any path and 
this preserves the fibrewise G-action. Therefore the same analysis as for the 
case of the vector bundle leads to maps: 

e„ : Ts^ia'TM) x Tsi{a'Q) ^ LQu, 

which are LG-equivariant. This shows that LQ — > LM is a locally trivial princi- 
pal LG-bundle. 

Suppose that S is a (finite dimensional) smooth manifold with a G-action. 

We can form the locally trivial bundle R := Q Xg S ^ M. It is clear that LR 
can be described as LQ Xlg LS — > LM and that this is a locally trivial bimdle 
modelled on LS. Structure on S that is preserved by G defines structure on R 
so since LG preserves the "looped structure" on LS, there is a corresponding 
structure on LR. We have already seen this in the vector bundle situation in 
that the R-module (i.e. vector space) structure of the fibres of E looped to give 
an LM-module structure on the fibres of LE. 

Another important situation where this arises is when G acts on itself via the 
adjoint action. This defines the gauge group corresponding to Q, Q^'^ := Q Xad G 
which is a bundle of groups over M modelled on G. The corresponding loop 
space, LQ*"*, is a bimdle of groups over LM modelled on LG. We have the 
identity L(Q^'i) = {LQf^ := LQ Xad LG. 

Returning to the vector bundle case, if E = Q Xg IR" then LE = LQ Xlg LK", 
as LlR-modules. Now as Q is the frame bundle of E, it would be nice to be 
able to say that LQ is the frame bundle of LE. This is not true as a statement 
about vector bundles, since G1(LR") L G1(R"), but is true as a statement about 
LR-modules as a consequence of: 

Proposition 4.5 Let g : LE" — > LR" be an isomorphism of LR-modules. Then 
geLG\{K"). 

Proof. For a ring R, module M, and subset S c M, let (S)r denote the R-linear 
span of S in M. We add the subscript R to the usual notation as we will have a 
space being a module over two different rings. 

It is mildly obvious that the space LR" is a free LR-module of rank n. Let S 
be an n-element generating set (basis). 

Lett e S^. The evaluation map fif : LR — > R is a ring map and so converts any 
R-module (i.e. vector space) into an LR-module. The corresponding evaluation 
map et : LR" — > R" is then a map of LR-modules. Then: 

R" = etiLR") = {et{B))m = <ef(S))R. 

The first equality is because et : LR" — * R" is surjective and the last because the 
action of LR on R" factors through R. As fit (S) is an n-element set, it is therefore 
a basis for R". 

Let g : LR" LR" be an LR-isomorphism. For ; = 1, . . . , n let aj e LR" be 
the constant loop at the ;'th element of the standard basis of R". Define a loop 
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y in the space of n X « matrices, M„(]R), by arranging the loops gUj in columns: 

y{t) = ({gaim iganm). 

Now {ai, . . . , a„| is a generating set for LR" as an LR-module. As g is an 
LR-isomorphism, {ga\, . . .fgan] is also a generating set for LR". Therefore at 
each t e S^, {{ga\){t), . . .,{gan){t)} is a basis for R". Hence y takes values in 
G1(R"). 

Now the action of L G1(R") on LR" is LR-linear as it is the loop of the R- 
linear action of G1(R") on R". As aj is the constant loop at the /th standard basis 
element, yuj selects the /th column of y, which is gUj. Hence g and y are both 
LR" -linear maps which agree on a generating set, thus are the same map. □ 

The proof of this result shows that the correct interpretation of an LR-frame 
of LE —> LM at a loop a e LM is a smooth choice of frame of each E„(f). Thus 
an LR-frame of LE is a trivialisation of a*E. To get back the isomorphism 
LR" -> LaE, we use the trivialisation to identify LR" with rsi(ci;'E) which is 
naturally identified with the fibre L^E. 

4.4 Connections 

In this section we consider connections on vector bundles. As with the vector 
bundles themselves, we are interested in structure on the loop space that arises 
from structure on the original space. Our main theorem in this section is: 

Theorem 4.6 A principal connection infinite dimensions loops to a principal connec- 
tion on the loop space. 

There are several ways of thinking of connections in finite dimensions and 
these carry over to infinite dimensions. The general theory is contained in 
IKM97 §37] of which we recall the basics here. 

Let G be a Lie group, tt : P ^ M a principal G-bundle. We are considering 
both the finite and infinite dimensional cases here. The two main ways that we 
think of a cormection are: 

1. A projection O : TP —> VP, where VP = kei dn is the vertical tangent 
bundle, which is G-equivariant for the G action on P. That is, for each 
g e G and u e P the following diagram commutes: 

TuP TugP 

V„P VugP, 
where : P ^ P, r^{u) = ug, is the action of g e G. 

2. The connection one-form a) : TP g, the Lie algebra of G, satisfying: 

(a) w{Cx{u)) = X for all X e g, where Cx e ^{P) is the vector field defined 
by Cx(m) := '^''(ii e)(0, X) (note that dr(„e) is a linear map TuP X T^G 

TuP); 

(b) IV is G-equivariant: ((r^^)*a;)(X) = Ad^-i a){X) for all g e G and X e 
TuP. 
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The equivalence is given by (^{X) - C«(x)(m) for X e T„P. 

We can loop both maps to get : LTP LVP and co^ : LTP Lg. Using 
theorem 14.21 we can identify LTP with TLP in both cases. To proceed further, 
we need some technical results: 

Lemma 4.7 Let G be a finite dimensional Lie group, n : P ^ Ma principal G-bundle 
over a finite dimensional manifold. Then: 

1. The Lie algebra of LG is canonically isomorphic to Lg. Although we shall not 
need it here, it seems an appropriate place to mention that the exponential map 
Lg LG is the loop of the exponential map g ^ G. 

2. Under the isomorphism TLP = LTP, the vertical tangent bundle VLP is mapped 
to LVP. 

3. Under the isomorphism TLP = LTP, the vector field mapping C : Lg ^ X(LP) 
is the loop of Q : Q ^ X{P) followed by the canonical inclusion LJ(P) 
Tlp{LTP) = ^LP) which is given by: Xa{t) = x{t)a{t)- 

4. The adjoint action ofLG on Lg is the loop of the adjoint action ofG on g. 

Proof. 1. The Lie algebra of any Lie group is the (kinematic) tangent space 
at the identity. Since the identity of LG is the constant loop at the identity, 
e, of G, the Lie algebra of LG is, by corollary 14.31 naturally identified 
with Ysi{ye*TG). As ye is constant at e, ye*TG = x TpG and so Tv.LG is 
naturally identified with loops in TgG, i.e. with Lg. 

The statement about the exponential maps follows because the evaluation 
maps, Ct : LG —> G, are group homomorphisms. The induced Lie algebra 
map is also the evaluation map, Ct : Lq —> g. Thus for t e S^, s e IR, and 
X e Lg, exp(sA:)(0 = exp{sx{t)). 

2. We need to identify kerd(7T'^) : TLP —> TLM under the equivalence TLP = 
LTP and TLM = LTM. From propositiongll d{n^) is (^tt)^. Thus (dn)^^ = 
if and only if dnp{t) = for all t and so ker(d7T)'" c LTP is the loop of 
kerrfn c TP, i.e. VLP corresponds to LVP. 

3. Let X arid a e LP. By definition: 

CAa) = dr^,,,y^){0,x) : T„LP x TyLG ^ T^LP 

As the action of LG on LP is the loop of the action of G on P, the various 
isomorphisms mean that: dr(„ j,.)(0,x)(f) = dr^a{t),e){0, x{t))- Hence: 

C^(a)(0 = Q(o(a(f)) 

as required. 

4. The adjoint action of LG on Lg is the derivative of the conjugation action at 
the identity. The conjugation action is the loop of the conjugation action 
of G on g. Hence its derivative is the loop of the derivative. □ 

We can now prove theorem l4.6l 
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Proof of theorem W^ Let G be a finite dimensional Lie group and let P ^ M be a 
principal G-bundle over a finite dimensional manifold. Let O : TP — > VP be a 
principal connection on P. Using the equivalences TIP = LTP and VLP = LVP, 
we loop O to a map : TLP VLP which we claim is a principal connection 
on LP. It is certainly a fibre projection as at a loop a e LP it is the projection 
rsi(aTP) ^ Tsi{a*VP). It is also LG-equivariant as O : TP ^ VP is G- 
equivariant and the action is defined porntwise. 

For the other view of a connection, let co : TP ^ g be the connection form 
associated to O. Looping this, using the equivalences, yields co'" : TLP Lg. 
For X ^ J^Q srid a & LP we have, for all t e S^: 

co'iQMm = co{Q,m)) = a,{Q,^t){am = x{t) 

and hence co''{C,^{a)) - X- Secondly, co'' is LG-equivariant as all the actions are 
loops of the actions on the original spaces. 

Finally, the equation <1'(X) = Cm(x)(m) for X e T„P shows that for x £ T„LP: 

= ^ixit)) = C.,wo)(«(0) 

and hence 0^(x) = C^^L(^)(a). □ 

Associated to a connection is a parallel transport operation that lifts curves 
in the base to curves in the fibre such that the derivative is horizontal (i.e. in 
ker cD). The parallel transport operations on M and on LM are related as follows: 

Proposition 4.8 The parallel transport operator exists in LP and corresponds to the 
parallel transport operator in P under the evaluation maps, et : LP P. That is, if 
c : R — > LP z's fl horizontal lift o/c : R ^ LM then gfC : R — > P is a horizontal lift of 
e,c : R ^ M. 

Proof. As a loop is completely determined by the values it takes, this character- 
isation completely specifies the parallel transport operator in LP. As parallel 
transports are unique providing they exist, |KM97 37.6], we just need to show 
that this characterisation defines the parallel transport. 

Let c : R — » LM be a curve and z; e LP a lift of c(0). For t e let 
Cf := gfC : R ^ M and Vt := etv e P, so that Vt is a lift of Cf(0). Let q : R ^ P 
be the parallel transport of Vt along Cf. We therefore have a map X R ^ P, 
(t, s) Ct{s). Let c : R ^ LP be the adjoint of this. 

As parallel transport in P is smooth in all initial conditions, the map {t, s) 
Cf(s) is smooth. Hence c is smooth. Clearly, tt'^c = c and c(0) = v. Finally, 
gjO'^c' = OcJ = so O^c' = and hence c is horizontal. Thus it is the parallel 
transport of v along c. □ 

Given an action of G on a (finite dimensional) manifold S we get an associ- 
ated fibre bundle R := P Xq S ^ M. The connection on P induces a connection 
on R. Similarly, the connection on LP induces a connection on LR. That these 
correspond is straightforward to deduce. 

In particular, for a representation of G on R" and E := P Xg R" we get linear 
connections on E and LE. From these we construct covariant differentiation 
operators. We start with the canonical isomorphism vlg : E Xm E —> VE, where 
v1e(Mj:, V:c) is represented by the short curve s ^ Ux + sv^. Using this, we define 
the connector Ke of the connection Oe by: 

Ke - prj o (vIe)"^ o Oe : TE ^ VE ^ E Xm E ^ E. 
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The covariant derivative on vector bundles is defined, following IKM971 37.28], 
as follows: for any manifold N, smooth mapping s : N ^ E, and (kinematic) 
vector field X e X(N) we define the covariant derivative of s along X by: 

V|s := Xe o is o X : N ^ TN ^ TE ^ E. 

If s is a lift of some fixed map f : N ^ M then V|s is also a lift of the 
same map and so we get an induced operation on sections of /*E. In particular, 
taking / : M ^ M to be the identity we get the usual operator: 

: X(M) X FmCE) ^ rM(E). 

The reason for taking the more general approach is that it is the better setting for 
expressing the relationship between and V*"^, which is defined analogously, 
because by theorem l3^ there is an equivalence C°°(N,L£) = C°°(Si x N,£). 
Therefore given a map s : N ^ LE we take its adjoint to get a map : x N ^ 
E. A vector field X on N defines one on x N in the obvious way which we 
also denote by X. 

Theorem 4.9 (v^^s)^ = V|(s''). 

Proof. It is obvious that Kie is the loop of Ke since each map in the definition 
of Kee is the loop of the corresponding map in the definition of Ke- It is 
straightforward to show that the identification / — > of theorem B .28l toeether 
with the identification of TIM with LTM means that: 

{dfy = d{f) o (C x 1) : x TN ^ TS^ xTN ^ TM, 

where C : — > TS^ is the zero section. Now the vector field on x N 
corresponding to X can be thought of as (C x 1)(1 x X). Thus V|(s^) is: 

S^y^N^S'xTN^TS'xTN^TE^ E. 
the central two terms contract to {dsY so we have: 

S^^^l^S'xTN^^TE^E. 

This is the adjoint of: 

jsjI^TN^LTE^ IE, 
which is V^s as required. □ 
In particular, the covariant differential operator: 

V^^= : I{LM) X Tem{LE) ^ Tem{LE) 

is adjoint to the covariant differential operator on e*E —> x LM where e : 
X LM ^ M is the evaluation map. 

Lemma 4.10 Fix / : N — > LM and consider only those maps that are lifts of f. For 
such sections, the connection V^^ is LK-linear. 
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Proof. We need to restrict our atterition to lifts of a fixed map in order to have 
an addition on the maps s : IV — > LE since we need to know that si{x) and S2(x) 
end up in the same fibre of LE — > LM. 

Standard properties of cormections imply M-linearity so all that we need 
to prove is the correct behaviour under multiplication by an element of LIR. 
This follows from the pleasant properties of the differential of a map under the 
adjoint mapping. Namely, that iors:N^LE with adjoint : x N — > E, the 
adjoint of ds is the N-directional derivative of s^. That is, 

{dsy = d(s^) o (C X 1) : X TN ^ TS^ xTN ^ TE. 

Now for j3 e LM, {^sY is the map {t,x) j8(f)s''(t,x). When taking the N- 
directional derivative, only the s^-factor contributes and we find that ci(j3s)^ = 
]3ds^. Hence, undoing the adjoints, d(|Ss) = ]3ds. 

Since Kie is the loop of Ke, it is LM-linear and hence KiEi^ds) = ^KiEds. 
Thus V|^s is LM-linear in s. □ 

Even when N is a loop space, such as LM itself, the connection will not be 
LR-linear in the other variable. This is because for y e LR" and ]3 e LR, the 
vectors y and jSy represent completely different directions. It is tempting to 
view jSy as an elaborate stretch of y but really they are unrelated vectors. 

A connection on TM loops to one on LTM, whence to one on TLM. Thus we 
can consider its torsion: 

T(X,Y):= Vxy-VyX-[X,Y]. 

As in finite dimensions this is a tensor and so is given by a fibrewise bilinear, 
skew-symmetric map TLM x TLM — > TLM. 

Proposition 4.11 The torsion on LM is the loop of the torsion on M. 
Proof We start with a couple of facts about LE": 

1. Any loop in M" is the sum of two never-zero loops. 

Let |3 : — > R". As is compact the image of fi is bounded and so there 

is some non-zero v eW such that j}{t) + v for all t. Thus jS - yi, is never 
zero, where y-^ is the constant loop at v. Hence jS is the sum (]3 - y-o) + yv 
of two never-zero loops. 

2. li n > 2, given a pair of never-zero loops jS and 5, there are never-zero 
loops |Si, jS2, 6i, 62 such that: |S = jSi + 1S2 and 6 = 61 + 62 and, for all t and 
for /, y e {1, 2), {/3,(/"), 6j{t)} is a linearly independent set. 

If n > 3 this is simple: choose a never-zero loop y such that y{t) is not in 
the linear span of {j3(f), 6(f)}. Let jSi = + y), ^2 = 5(j8 - y), 61=62 = 56. 
Then jS, and 6, satisfy the required properties. 

If M = 2 this is slightly more complicated. The idea relies on the fact that 
if the images of two loops lie on the same side of a line through the origin 
then at no time can they be colinear. Thus we arrange matters so that 
the four loops lie in the four quadrants with the j8; in opposite quadrants 
(hence also the 6, in opposite quadrants). Then each pair {/3„ 6j] lie on the 
same side of one of the axes and so can never be colinear. Specifically, 
let R > be such that the images of jS and 6 lie within the open square 
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with vertices at (±R, ±R). Let yi and 72 be constant loops at two adjacent 

vertices of this square. Let fii = ^- yj, ^2 = 71, 61 = 6 - yz, 62 = yi- Then 
these satisfy the requirements. 

3. Hence if p, : LIR" X LR" LR", i = 1,2, are bilinear and such that 
Pi(i3/y) = p2{ji,y) whenever ^,y are never-zero and never-colinear then 
Pi = P2- 

These extend to sections of an orientable vector bundle over via a trivial- 
isation since the concepts of "never-zero" and "never-colinear" are preserved 
under bundle maps. Hence they transfer to the fibres of TLM LM. Note that 
we really need orientable here rather than it being a converuent simplification 
as there are no never-zero sections of the Mobius line. 

The other information that we need to know about is how the covariant 
derivative on LE — on any vector bundle - transforms under maps of the source. 
As in finite dimensions, the covariant derivative ois : N ^ LE along X e 3£(N) 
atx eN depends on X only up to X(x). That is, the map ^xix) '■ C°°(N, LE) LE 
makes sense and satisfies: 

7i(Vxws) = six), 
(Vxs)(x) = Vxws. 

Also given a map g : Q ^ N and Yy e TyQ we have: 

VdgYj, S = Vy./S o g). 

Moreover, if Y e X{Q) and X e X(N) are g-related in that dg{Y){y) = X{g{y)) for 
all y e Q then: 

Vy(s og) = (Vxs) o g. 

We now turn to the covariant derivative on TLM. 

Let a e LM and let j3, 7 e TaLM be never-zero and never-colinear. Let t e 
and put X := a{t) e M. Let rj : TM ^ M be a local addition on M. It is 
straightforward to show that the restriction of 77 to T^M is a diffeomorphism 
onto an open neighbourhood of x of M. Write this as rjx : TxM — > Vx- 

As a'TM is orientable, we can choose a trivialisation a'TM = x TxM. 
From our assumptions on /S and y we can arrange matters so that imder the 
induced isomorphism Fgi (a'TM) = LTxM, they are taken to constant loops. 
Define 1/^ : V -» LM as: 

V TxM c LTxM s TsiiaTM) ^UaQLM. 

Here, TxM c LTxM is identified with the subspace of constant loops. 

To determine the image of x, we see that rjx~^{x) = e T^M which gets 
mapped to the zero loop and hence to the zero section, which is then mapped 
to a. Hence = a. 

Apart from the map T^M LT^M, all the maps are diffeomorphisms. Thus 
to identify the image of dipx it is sufficient to identify the image of the derivative 
of TxM LTxM at the origin. As this map is linear, its derivative is itself and 
so we get the constant loops. Thus, by construction, the image of dipx contains 
jS and y. Let u,v £ TxM be their respective pre-images. 
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Using the charts rj^ : T^M ^ V and ^„ : Tsi{a'TM) U a we can choose 
vector fields Xp, Xy on LM extending jS and y and Y„, Y„ on M extending m and 
V that are i/^-related and such that [Xp, Xy] = 0, [Y„, Yp] = 0. Thus, writing 
for V^^: 

T(/^,y) = (V^X,,)(a)-(V^X^)(a) 

= (V^^XjOC./'Cx)) - {V^^Xp){ip{x)) 
= (V^, (X, o - (V^_ (X^ o 

As T is a map into TgLM c TLM s LTM, we can take its adjoint, t^. Taking 
adjoints on the right, we use theorem l4.9l to simphfy as follows: 

(V^,_(X,o^))^ = Vy„(X,,0!/.)\ 

Now Xyoip-.M^LM^ TLM adjoints to: 

xM—^ xLM ^ X LTM A TM. 

Hence {Xy o ^y{t, x) = e(t, Xy(a)) = y(t) = v. Thus we can consider (X,, o i/;)^ as a 
vector field on xM extending v at {t, x). We extend the covariant derivative to 
X M using the product of the connection on M with the standard connection 
on S^. As the S^-part is torsion free, the torsion of this extension is the torsion 
of M. Thus: 

VuiXyo^y -v,(Xpoxpy = Tiu,v). 

Hence T(jS, y){t) = T(j8(0, y{t)) and thus the torsion of the looped connection is 
the loop of the torsion of the original connection. □ 

Corollary 4.12 A torsion-free connection on M loops to a torsion-free connection on 
LM. 

4.5 The Enemy of my Enemy is not my Friend 

Section l42l showed that the loop space of a vector bundle has a pleasant LR- 
module structure. We extend this further by observing that: 

hoinLu{I^E,LM.) = L hom]R(E, R), 

and more generally: 

homL]R(LE, LF) = L hom]R(E, F), 
lsoLR(LE,Lf) = L1sor(E,F). 

This last is a generalisation of the fact that if Q is the frame bundle of E then LQ 
is the LR-frame bundle of LE. 

However, when viewing LE as a mere vector bundle this pleasant functoral- 
ity is not preserved. The most distressing case of this is that the cotangent 
bundle of the loop space is not the loop space of the cotangent bundle. The 
simple explanation for this is that L(E*) is modelled on the space LR", as is LE, 
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but (LE)* is modelled on its dual which is the space of M" -valued distributions 

on the circle^. 

Thus although TLM = LTM it is not true that T'LM = LT'M. This rules out 
any possibility of an isomorphism between the tangent and cotangent bundles, 
either via an inner product or via a symplectic structure. One can (easily) define 
weak such structures where the induced map TLM T'LM is injective but it 
can never be an isomorphism. 

A choice of linear map / : LR — > M defines a map L(E*) — > (LE)* via: 

L(E*) = homLR(LE,L]R) c homR(LE,LR) ^ homE(L£,]R) = (LE)*. 

The most usual choice is the map a — > J^^a. This has various properties that 
bode well for further construction, not least being its equivariance imder the 
natural action of the circle. With this choice, the induced map L(E*) (LE)* 
is injective. Using this, any isomorphism E ^ E* loops to give an injection 
LE (LE)*, but never an isomorphism. 

Thus over a loop space we have a schizophrenia as to whether bundles 
should be vector spaces or LR-modules. On the one hand, most of the construc- 
tions that one wishes to generalise from finite dimensional topology definitely 
use vector spaces and cannot be modified to use LM-modules - for the simple 
reason that the differential of an arbitrary fimction / : LM ^ R is an R-linear 
map TLM — > M and not LM-linear. On the other hand, the theory of bundles as 
LR-modules is very nice. In addition to the properties outlined above there is 
also the fact that one never wants to consider any old vector bimdle with infinite 
dimensional fibres as the corresponding full general linear group is usually ei- 
ther not a Lie group or is contractible, neither of which is much help. Therefore 
we usually work with a subgroup, such as L G1(R"), which is a Lie group, does 
have some interesting topology, and coincidentally preserves the LR-module 
structure. 



^ We are fortunate in this situation that dualising the dual - which results in the bidml - ends us 
up where we started. This is not always true in infinite dimensions. 
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5 Submanifolds and Tubular Neighbourhoods 



There are two important sources of submanifolds of loop spaces: those that 
arise from coincidences and those that arise from the obvious circle action. The 
"coincidental" submanifolds are ones where some constraint is imposed on the 
value of a loop at some specific times; the most obvious being the based loop 
space. The submanifolds arising from the circle action are the fixed point sets 
of the various subgroups of the circle. The main result of this section is that all 
of these submanifolds have tubular neighbourhoods. We conclude this section 
by exhibiting a submanifold without a tubular neighbourhood. 

5.1 The Fundamental Fibration 

The space of based loops is one of the key concepts in algebraic topology. All of 
the above analysis works equally well for the based loop space as for the free 
loop space. The model spaces for QM are sections of a'TM which are zero at 
time 0. The tangent space of OM is thus QTM where the base point in TM is 
the zero above the base point in M. The inclusion of based loops in free loops 
is smooth and fits into the sequence: 



where eo is the map which evaluates a loop at time 0. This is a fibration sequence 
and is split since M includes in LM as the subspace of constant loops. 

This is great as far as algebraic topology is concerned. However for differ- 
ential topology we would like to know that this is a locally trivial fibration. 

Theorem 5.1 Let M be a connected smooth manifold with base point xg. Then 
QM LM — > M /s a locally trivial fibration. 

In the non-connected case we simply use this result together with the fact 
that the loop spaces - based or free - of a disjoint uruon are a disjoint union 
of the loop spaces of the components. Thus LM M remains a locally trivial 
fibration although the fibre may differ on components. 

Proof. We need to show local triviality. This will imply that the diffeomorphism 
type of the fibres is locally constant and thus will allow us to identify every 
fibre with QM. 

We start with a technical result on diffeomorphisms of R". What we are 
looking for is a family {i/'j,} of compactly supported diffeomorphisms of W 
indexed by points of W such that = v. In other words, we are looking for 
a splitting of the map Diffc(]R") W which evaluates a diffeomorphism at the 
origin. 

We construct this using the exponential map for compactly supported vector 
fields. It is a standard corollary of ODE theory that the exponential map exp : 
A'c(]R") — > Diffc(R") is well-defined, where <Yc(IR") is the space of compactly 
supported vector fields on M". 

We define a map M" ^ XdW) as follows: let p : M ^ [0, 1] be a bump 
function such that: 



CIM^LM^M 
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Define M" ^ ?(c(^"), v by: 

X,(m) = pi\\u\f)v. 

The exponential map exp : A'c(R") ^ Diffc(K") is such that the path t 
exp{tX)yo is the solution to the ODE y' = X{y) with initial condition i/o- Thus 
exp(Xi,)0 is the value at time 1 of the solution to the ODE y' = v with initial 
condition yo = 0. Hence exp(Xt,)0 = v. Thus the map v exp(Xj,) is the 
required splitting. Note that Xq is the zero vector field and so exp(Xo) is the 
identity. 

Letx e M and let QvM be the fibre of LM ^ Matx. Letc/j : R" JJ be a chart 
at X with (p{0) = X. Now (p takes any compactly supported diffeomorphism of 
R" to one of U. As such a diffeomorphism is compactly supported, it is the 
identity near the boundary of U. It therefore extends to a diffeomorphism of M 
by defining it to be the identity outside U. 

Using the above family of diffeomorphisms of R" we thus have a smooth 
family of diffeomorphisms of M indexed by the points of U with the property 
that <pu{x) = u. 

Let LjjM := {a e LM : a(0) e U). This is an open submanifold of LM. Define 
QvM xU LjjM by {a,u) — > Since (pi,{x) = u, this is a fibrewise map 

of spaces over U. Its inverse is jS ^ ((/)^^gj(jS),jS(0)). This is the required local 
trivialisation. □ 

The key part of this proof is showing that the submanifold QM of LM has 
a tubular neighbourhood. The length and intricacy of this proof should be 
contrasted with the corresponding statement about the submanifold M of LM, 
where M is identified with the space of constant loops in LM. 

Proposition 5.2 The inclusion M LM admits a tubular neighbourhood. The 
normal bundle is CFTM, the space of fibrewise loops in TM which are based at the zero 
section; that is, the fibre ofO^'TM at a point p is ClTpM. This can be identified with 
TM ® QR. 

Proof. Let rj : TM Mhe a local addition on M and let V c M x M be the 
corresponding neighbourhood of the diagonal. Since CY'TM is a subset of the 
set of smooth loops in TM, we can define : Q}'TM LM by composition. 
This is clearly a smooth map. 

Let p e M. The domain of the chart map defined by rj at the constant map at 
p can be naturally identified with LTpM. The map 7] : Q'TM —> LM restricted 
to the fibre above p is the restriction of the chart map to the subspace QTpM. 
Therefore rj : CFTM LM is injective when restricted to any fibre. The images 
of the fibres can be distinguished in LM since for a in the fibre of Q^TM above 
peM, rja(O) = j](Op) = p. 

The image of this map is the set of a e LM such that (a'(O), a(t)) e V for all 
t e S^. This is open in LM as it is the preimage of LV under the continuous map 
LM Mx LM LM x LM given by sending a to (a(0), a). 

The inverse of this map is thus a ^ {n x /])"^(a(0), a). It is therefore a 
diffeomorphism onto its image. □ 

This is not the tubular neighbourhood of M that is usually wanted as it is 
not S^-equivariant. We postpone the construction of that neighbourhood to 
section B31 
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5.2 Tubular Neighbourhoods 

The vector fields that we defined in section lSJl on R" did not use any structure 
of ]R" beyond its being an inner product space. Therefore we can define similar 
vector fields on a vector bundle over a manifold. We can use this to prove a 
generalisation of this result involving tubular neighbourhoods. One important 
application of this generalisation is the following result: 

Proposition 5.3 Let LM Xm LM be the family of pairs of loops which coincide at 
time 0. Then LM LM — > LM x LM is an embedded submanifold with a tubular 
neighbourhood. 

This result is used in |CJ02| in the construction of the loop product in the 
cohomology of the loop space. A generalisation of it is used in |CG04| to 
defined the other operations of string topology in the cohomological setting. 

We shall prove a little more than that a tubular neighbourhood exists. We 
shall prove that the obvious neighbourhood is a tubular neighbourhood. To 
explain this remark, observe that there is a pull-back diagram: 

LM Xm LM > LM x LM 

M ~ — > MxM 

where A is the inclusion of the diagonal. The lower line is an embedded 
submanifold with a tubular neighbourhood, say V, so define: 

LM Xy LM : |(a,j3) eLMxLM: (a(0),jS(0)) e V]. 

This fits in to the above diagram very neatly: 

^ LM Xy LMqLMx LM 

|i?oXeo 

^ ycMxM 

It would be nice if not only did LM Xm LM have a tubular neighbourhood in 
LM X LM but that LM Xy LM were an example of such. 

Before proving that this is so, let us examine what we get for free and thus 
what extra is needed to be shown. As the normal bimdle to the diagonal em- 
bedding is isomorphic to TM, the existence of the lower tubular neighbourhood 
means that there is a diffeomorphism TM V C M X M where V is an open 
neighbourhood of the diagonal such that the composition of this with the zero 
section is the embedding of the diagonal. For convenience, we shall assume 
that this diffeomorphism comes from a local addition on M, see definition l3.13l 
Thus we have an identification between tangent vectors and pairs of suitably 
close points. Our assumption means that the first of those points is the anchor 
for the tangent vector. 

What we do get for free is that the normal bundle on the upper level is the 
pull-back of the normal bundle on the lower level. Thus on the upper level we 
seek an identification between the spaces: 

eo'TM = {{a,^,v) : a(0) = ^(0),z; e T„(o)M), 
LM Xy LM = {{a,p) : (a(0),j8(0)) e V]. 



LM Xm LM 
M 
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To make everything fit nicely into the pull-back diagram, we want the diffeo- 
morphism between these two to project down to the diffeomorphism that we 
already have. Since a(0) therefore should not change, we may as well - for 
simplicity - assume that a does not move. Thus we want {a, jS, v) — > (a, |§) such 
that on evaluation at we get the lower diffeomorphism. 

The difficulty is that v only tells us what to do with ]3(0). As ]3 is smooth, 
we need to know what to do with the rest of it. This involves some choices 
and some careful analysis. Fortunately, we have already laid the necessary 
foimdations. 

Proposition 5.4 Let Mbea smooth finite dimensional manifold, P QMan embedded 

submanifold with normal bundle E and tubular neighbourhood V QM with diffeomor- 
phism v.E^V.Let LpM :={aeLM: a{0) e P] and LyM :={aeLM: a{0) e V]. 

The inclusion LpM — > LM fs a smooth embedding with normal bundle eo'E and 
tubular neighbourhood LyM. Moreover, there is a diffeomorphism cq'E LyM 
covering v : E ^ V. 

We view P as an actual subset of M rather than taking ; : P — > M as an 
embedding to reduce the nimiiber of maps that we need to make explicit. 

Proof. We omit the full proof that LpM is a submanifold of LM. The proof that it 

is a manifold is a repetition of the proof that LM is a manifold. The embedding 
follows from the fact that the isomorphism: LR*^ = QR*^ ® R*^ together with the 
fact that P is embedded in M. The case of LyM is simpler as it is an open subset 
of LM. 

The bimdle Cq'E — > LpM is the pull-back bimdle via the evaluation map 
a — > a(0). As a space, 

eo'E = {{a,v) e LpM x E : a{0) = n{v)}. 

We equip E with inner products on the fibres, varying smoothly over P. 
The pull-back, e*E inherits these inner products. Let || || be the corresponding 

fibrewise norm. 

Using the local triviality of E and paracompactness of P we wish to choose 
an open cover of P over which E trivialises together with a variation on the 
theme of a subordinate partition of unity. The variation that we want is that the 
squares of our f imctions should be a partition of imity. This presents no technical 
difficulties: recall that the final step in constructing a partition of xmity is to 
renormalise a family of bump functions with respect to their sum; if one instead 
renormalised with respect to the square-root of the sum of their squares, the 
resulting family would have the required property. This square-root results in 
a smooth function as it is the square-root of a strictly positive fimction. 

Thus we choose, for an indexing set A: 

1. an open cover {U\: A e A}, 

2. trivialisations (pA : E^ ^ U\X R'', 

3. smooth functions p\ : P ^ M. with compact support such that {pA^} is a 
partition of unity subbordinate to {LTa} with the support of pA contained 
in Ua. 
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Let (^A : Ea ^ be the composition of (p^ with the projection onto R*^. 
Define s : E ^ T{E) by: 

s{v)ix) = P'\i'^i^))p'\ix)(pt^ix,(pA{v))- 

AeA 

Note that the A-summand is zero unless both Pa{x) and Pa{ti{v)) are non-zero. 
Therefore the support of the section s{v) is contained in the union of the supports 
of the pA for which pA{n{v)) + 0. As the supports of the pA form a locally finite 
family of compact sets, the support of sip) is compact and hence s takes values 
in rc(E), sections with compact support. 

This function is smooth and has the following properties: 

1. the restriction to a fibre is linear, and 

2. s{p){n{v)) = V. 

The first of these follows from the fact that the (\>a are linear on fibres. The 
second uses the fact that the pA square to a partition of unity. Note that as a 
consequence we have that if c is a zero vector then s(c) is the zero section. 

From this family of sections of E, we define a family of compactly supported 
vector fields on E which, on fibres, look like the vector fields that we used in 
the proof that LM M was locally trivial. We note that the tangent bundle 
of E contains a canonical copy of n*E as the vertical tangent bundle. Thus a 
section a of E defines a vector field on E by J? a{Ti{v)). Let t : IR — > [0, 1] 
be a bump function with T{t) = 1 for < t < 1 and T{t) - for t > 2. Define 
X : r(E) ^ X{E) by: 

Xaiv) = T(||i;||2)a(7i(i;)). 

By construction, Xs has fibrewise compact support and its horizontal support 
agrees with that of o. Therefore this restricts to a map X : rc(E) — > ?(c{E). 
Combining this with the above map E — > rc(E) and the exponential map rc(E) — > 
Diffc(E) we obtain a map i/^ : E ^ Diffc(E). 

Now the vector field corresponding to a point v e E takes values in the 
vertical tangent space of £. Therefore the diffeomorphism is a fibre-preserving 
diffeomorphism covering the identity on the base. On fibres, it looks like 
the diffeomorphisms we had in the previous proof. Thus as Sz,{n{v)) - v, 
\}j{v){On(v)) - ^, where 0^: is the zero vector in Ex. 

The diffeomorphism v : E —> V defines Diffc(E) Diffc(y) and thence 
to Diffc(M) since a compactly supported diffeomorphism in V extends by the 
identity to the whole of M. Hence we have : y — > Diffc(M) such that 
e{v){n{v-'^v)) = V. 

We now define our tubular neighbourhood diffeomorphism as: 

{a,v) e{v{v)){a) 

with inverse: 

/^^(0(^(O))-i(jS),v-i(/^(O))). 

Evaluating at zero, on the left we get v e £„(o) whilst on the right we get 
0(v(z;))(a(O)). Now as n{v) = a{0), 0(v(z;))(a(O)) = e{v{v)){n{v)) = v{v). Hence 
the diffeomorphism on the loop spaces projects down to v : E —> V under 
evaluation. □ 

Proposition 15.31 follows immediately using A : M ^ M x M. Theorem l5.ll 
also follows from this proposition using the embedding of a single point. 



44 



5.3 Equivariant Tubular Neighbourhoods 

The previous section deals with submanifolds arising from "coincidences": 
loops that happen to coincide with each other or with some submanifold of the 
target manifold. Another source of submanifolds comes via the natural circle 
action on the loop space. 

Definition 5.5 Define the circle action p : x LM LM by p{t,a){s) = a{t + s). 
The adjoint of p is the composition: 

S'xS'xLM ^'■'■''^-^''''^\ s'xLM^M 

which is obviously smooth. 

This action induces an action by any subgroup of S^. We shall be concerned 
with the compact subgroups which are the finite cyclic groups and itself. We 
wish to consider the fixed point subsets of these actions. It is straightforward 
to show that for G = the fixed points are the constant loops and so the fixed 
point set is diffeomorphic to M while for G the fixed point set is the set of 
loops of period 1 / |G| and this is diffeomorphic to LM. What is more intricate is 
showing that these all have S^-equivariant tubular neighbourhoods. 

Theorem 5.6 Let G Q be a compact subgroup (including the case G = S^). 
The fixed point set of the induced action of G on LM is an S^-invariant embedded 
submanifold with an -equivariant tubular neighbourhood. The normal bundle is 
T{LM'^) ® C°°(G, ]R)o where C°°{G, ]R)o is the G-invariant complement of the constant 
maps in C°°(G,]R). 

Strangely, for G + the results about the G-fixed points in LM depend on 
the structure of Map(G,M). For more on the links between loop spaces and the 
spaces Map(G,M) see |J on87J and IStaOSbl . Note that as G is finite, Map(G,M) 
is a product of copies of M. 

To prove this theorem we need more structure on M. In studying the 
whole loop space, LM, we used a local addition to enable us to use the tangent 
spaces. Now we need a local averaging function. The point is that we need 
to be able to find an S^-equivariant map from sufficiently small loops in M 
to M. When considering the non-equivariant tubular neighbourhood of the 
constant loops in LM we could just take evaluation at a point. This is not S^- 
equivariant so is not adequate for our purposes. In R" we would average the 
values taken by the loop (equivalently, take the constant Fourier component). 
A local averaging function is precisely what we need in order to extend this to an 
arbitrary manifold. It is somewhat more complicated than a local addition and 
so we shall give an explicit construction rather than a definition. 

The starting point for this construction is an embedding of M in some 
Euclidean space IR*". We shall identify M with its image to avoid excess maps. 
This also identifies TM with its image in TIR*^. We consider Tx^ to be an 
affine space anchored at x and isomorphic to IR*^. Thus the addition in TvlR'^ is 
{u,v) {u - x) + {v - x) + X = U + V - X. 

This identifies TpM with an affine subspace of anchored at p e M. Let 
71 : N ^ M be the vector bundle defined by setting Np to be the affine orthogonal 
complement to TpM (also anchored at p). Thus as an affine space, Np - p + 
iTpM-p)\ 

For p e M we have an orthogonal projection map IR*^ TpM which we 
restrict to M to define Ap : M ^ TpM. This map varies smoothly in p so we 
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define A : Mx M ^ TMhy: 



A{p,q) = Ap{q)eTpM. 
This map has the following properties: 

1. Consider M X M as a bundle over M via projection onto the first factor. 
Then A is a bundle map. 

2. The composition of A with the diagonal map M —> M X M is the zero 
section of TM. 

3. The derivative at (p, p) e M x M is an isomorphism. This is because dAp 
at p is the identity. 

Standard techniques of differential topology involving judicious use of the 
inverse function theorem thus allow us to find a neighbourhood of the diagonal 
in M X M on which A restricts to a diffeomorphism. We therefore have A : 

MxM^ V ^ U Q TM. Let 7] : TM 2 !i ^ M be the composition of A"^ with 
the projection onto the second factor. As A is a bundle map, the projection onto 
the first factor is just n : TM M so nxrj = A~^ . By item (3 above, i] composed 
with the zero section is the identity on M. Thus j] is almost a local addition, the 
only variation is that its domain is not the whole of TM. 

There is a natural map f : Af ^ R*^ given by the natural inclusions Np —> Ml'. 
The derivative of f at a point in the image of the zero section is an isomorphism 
as it corresponds to the isomorphism TpM © Np = TpR'^. The composition 
of t with the zero section M ^ N is just the embedding M — > IR*^. Thus by 
similar techniques of differential topology, there is a neighbourhood W of the 
zero section in N and a neighbourhood X of M c R*^ such that t : W — > X is a 
diffeomorphism. Thus we have a map ra"^ : X — > M with the property that for 
X e X, X - m~^(x) is orthogonal to r„(-i(3.)M. 

The two maps rj and l have been defined without reference to each other. We 
shall use them together so we need to modify their domains and codomains so 
that they interact nicely. The modification that we need to make is to shrink Lf 
so that the closure of the convex hull of rj{U n TpM) - taken in ]R* - is contained 
in X, the codomain of t. This ensures that if C c LI n TpM is any set then the 
closure of the convex hull of 7](C) is contained in the codomain of t. 

We shall now explain how we are going to use these two maps to construct 
the required tubular neighbourhoods. Let G be a compact subgroup of S^. Let 
C^(G, U) be the space of smooth maps a : G ^ U with the following properties: 

1. There is some p e M depending on a such that a{G) e U D TpM. 

2. Considering a as a map into IR*^ via the inclusion TpM M!', the following 
holds: 

a = p. 

In this last property, if G is finite then the integral is simply the average value 
of a on G, if G - then we take the standard -invariant measure of total 
volume 1 . Note that in our view p is the zero in TpM. 
Composition with i] defines C^(G, U) C°°(G,M). 
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Lemma 5.7 The map C^(G, LI) — > C°°(G,M) is a dijfeomorphism onto its image 
which is open in C°°(G,M). 

Proof. Let Cvx(G, M) denote the family of smooth maps jS : G — > M such that 
when considered as a map into X the closed convex hull of j3(G) lies inside X. 

As G is compact and j3 continuous, the closed convex hull of jS(G) is compact. 
Therefore Cvx(G, M) is open within C°°(G,M). For e Cvx(G,M), the value of 
/3 lies within the closed convex hull of /3(G) and therefore in X. Hence we 

have a well-defined smooth map t : Cvx(G,M) M given by T(jS) = 
Consider the set: 

Yg ■■= IjS e Cvx(G, M) : (Tj3,jS(0) e V for all t e SM- 

We assume that V c MxM was modified at the same time as U so that A : JJ — > V 
remains a diffeomorphism. The set Yg is open in Cvx(G, M), whence in LM, as 
it is the preimage of LV c LM x LM under the map Cvx(G, M) ^ M x LM ^ 
LMxLM,p^ (TjS,/3). 

Now for |3 e Yg, A(TjS, jS) is a map G — > U c TM. Since TiA(p, rj) = p, it takes 
values in the fibre LI n T-ijiM. As A^, : M ^ Tj,M is the orthogonal projection, 
the difference jS - A(TjS, jS) is orthogonal to T^^jM. Hence A(TjS, jS) e Nt^j. Since 
Tt^M is convex, this integral also lies in T^pM. It is therefore Tj3, the zero point 
in r^^M. Hence A{tP,P) e C^(G, U). 

Now T]A(p, q) = qso /]A(t/3, jS) = jS. Hence the map Y — > CJ^(G, LI) is inverse to 
the map a —> i]a. As these maps are both smooth, they are diffeomorphisms. □ 

Lemma 5.8 There is a smooth G-equivariant map C^(G, TM) C^(G, LI) ivhich is 
a dijfeomorphism onto an open subset. 

Proof. We build this map in two stages: fibrewise and then extend over M. 

For the fibrewise situation, let 1 : C°°(G, R") R" be the integration map. 
As this is G-equivariant with respect to the trivial G action on W, ker / is 
a G-invariant subspace. We wish to define a G-equivariant diffeomorphism 
ker J ^ ker J n C°°(G, D") where D" is the open unit disc in W. 

We do this by noting that C°°(G,D") is also the intersection of C°°(G, IR") 
with the unit ball in C(G, IR"), the space of continuous maps with the stan- 
dard sup-norm. A symmetric diffeomorphism (|) : IR ^ (—1, 1) thus defines a 
diffeomorphism cp : C°°(G,]R") C°°(G,D") via (for a + 0): 

</)(l|a|U) 
l|a|L 

Therefore /</)(«) = if and only if la = so (/) preserves ker /. It therefore 
defines a diffeomorphism ker / ker / n C°°(G, D"). 

We extend this over the manifold by choosing a smooth function e : M ^ 
(0, oo) such that the e-ball in TpM is contained in M. The map a e{p)(p{a) 
defines the required diffeomorphism. □ 

The part of theorem 15. 61 for G - follows immediately by putting G = 
in the above. The rest of theorem l5.6l is equally simple but requires a word or 
two of explanation. 
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The required neighbourhood of LM*^ in LM consists of those loops which, 
when evaluated on the cosets of G in S^, take values in the neighbourhood Yg 
of the constant maps in C°°(G,M). We use the contraction of Yg onto M to 
define the corresponding contraction of the neighbourhood onto Llvfi. Thus 
by restricting a loop to each coset of G in turn we move from the infinite case to 
the finite case. The G-rnvariance of everything in finite dimensions means that 
when evaluating on a coset you get the same answer no matter which point 
you choose as the initial point, thus the result is well-defined. 

5.4 A Not-So-Nice Submanifold 

We conclude this section with an example of a submanifold that does not have a 
tubular neighbourhood. As with so many counterexamples or counterintuitive 
results in infinite dimensions, the failure is due to a linear problem. 

Let L^M denote the space of loops in M that are infinitely flat at the basepoint 
of S^. We allow the value of this basepoint to vary, the flatness condition 
is concerned with the derivatives. This is a smooth manifold modelled on 
Lt,]R" and is a submanifold of LM. However, it does not posses a tubular 
neighbourhood . 

This is for the simple reason that the exact sequence: 

does not split. The map LIR sends a map to its derivatives at 0. That 

this sequence is exact and does not split is a corollary of |KM97| Lemma 21.5]. 
Therefore the inclusion Lt,M — > LM does not have a normal bundle. 
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6 A Miscellany 



We conclude this document with two topics designed to lead the interested 
reader out of the basic differential topology of the loop space and into more 
interesting areas. The first topic is the differential geometry of the loop space. 
This is generally more complicated than finite dimensional geometry, but still 
a certain amoxmt can be said without too much difficulty. The second topic is 
the semi-infinite structure of a loop space, which has no true analogy in finite 
dimensions and is an important area of current interest. 

6.1 Weak Riemannian Manifolds 

Fairly early on in any text on Riemannian geometry is the statement that any 
finite dimensional manifold admits a Riemannian structure. We used this fact 
in demonstrating that any such manifold admits a local addition. In finite 
dimensions the definition of a Riemannian structure is straightforward: it con- 
sists of a smooth choice of inner product on each fibre of the tangent bundle. 
In infinite dimensions things are more complicated. The following discussion 
clearly generalises to inner products on arbitrary vector bundles. 
The issues that one needs to deal with are: 

1. Fibrewise questions: 

(a) Do the fibres admit (smooth) inner products? 

For example, the space of all IR-valued sequences with its inverse 
limit topology does not. 

For the model space of the loop space, LM", the answer is "yes". 

(b) Up to equivalence, how many inner products are there? 
Equivalence means that there is a topological isomorphism taking 
one inner product to the other. The answer is likely to be that 
standard mathematical answer: none, one, or infinity. 

For "none", the previous example works. For "one" we takes its 
dual: the space of all R-valued sequences that are eventually zero. 
For "infinity" we can take the Hilbert space of square-integrable 
R-values sequences. 

For the model space of the loop space, the answer is "infinity". 

(c) Does a particular inner product induce an isomorphism to the dual 
space? 

The global version of this - the induced isomorphism of the tangent 
and cotangent bundles - is one of the mainstays of finite dimensional 
geometry since it allows free movement between vector fields and 
one-forms. In infinite dimensions a positive answer to this question 
means that one is dealing with a Hilbert space (with the correct choice 
of inner product). Therefore if one wishes to work with more than 
just Hilbert manifolds one must be prepared for a negative answer. 
What one always has is a linear injection into the dual space. 
For the model space of the loop space, the answer is "no". 
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Once one has answered these questions, and has a positive answer to the 

first, then the partition-of-unity argument apphes and one can define a 
smooth global choice of inner product on the fibres of the tangent bimdle. 
However, the questions don't stop there: 

2. Global questions: 

(a) Is this Riemannian structure weak or strong? 

The difference is whether or not the inner products identify the 
tangent and cotangent bundles, with "strong" meaning that they 
do. A strong Riemaimian structure is only possible when one has a 
Hilbert bimdle and the irmer product on each fibre is equivalent to 
the standard one. 

Thus with a weak structure all vector fields are one-forms but the 
converse only holds for a strong structure. 
For a loop space, the answer is always "weak". 

(b) Is the equivalence class of the irmer product (locally) constant? 

The problem here is that the partition of unity construction paid no 
attention to the question of equivalence. As an example, consider 
a space E with two inequivalent inner products go and gi. Let 
p : [0,1] — > [0,1] be the identity map, then (p, 1 - p) is a partition 
of imity on [0, 1]. Define a fibrewise inner product on [0, 1] x E by 
g{t) := p{t)gi + (1 - pit))go- By construction, the eqmvalence class of 
this inner product is not locally constant. 
This is closely related to the next question: 

(c) Is there a bundle (i.e. locally trivial) of Hilbert spaces which can be 
considered as the fibrewise completions of the fibres of the tangent 
bundle? 

The connection with the previous question comes about because an 
inner product defines a Hilbert completion. An equivalence between 
two inner products extends to an isometric isomorphism of the cor- 
responding completions. Therefore if the equivalence class is locally 
constant the Hilbert completions fit together to define a locally trivial 
Hilbert bundle. 

Note that one can define this bundle without reference to an ac- 
tual inner product but only to an equivalence class. Essentially, one 
breaks down the choice of inner product to an initial choice of equiv- 
alence class - which defines the bxmdle of completions - and then to 
a choice of inner product within that class. 

(d) Is the tangent bundle with its family of inner products isometrically 
locally trivial? 

By this we mean that there is one fixed irmer product on the model 
space and the tangent bundle can be locally trivialised in such a way 
that the fibrewise inner products are all carried to this reference one. 
In finite dimensions this follows from the Gram-Schmidt algorithm. 
A positive answer to this question implies a positive answer to the 
previous one since there is a fixed Hilbert completion corresponding 
to the fixed inner product. 
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(e) Assuming the existence of a smaller group than the full general linear 
group, can the construction be done in such a way that the transition 
functions lie in this group? 

If the answer to this question is yes (or is suspected to be), this 
provides a simpler route to the construction: first fix the reference 
inner product and, consequently, Hilbert completion. Then prove 
that the given group preserves this inner product, and hence the 
Hilbert completion. Finally, use this group action to transfer the 
whole structure to the manifold. 

We illustrate this with the loop space, LM, of a finite dimensional Rieman- 
nian manifold M. There is a canonical weak Riemannian structure on LM 
coming from the Riemannian structure on M. There are two ways to define 
these inner products. 

The direct way is to use the strategy of section l431 The inner product on the 
tangent space of M is a sjonmetric fibrewise bilinear map TM Xm TM IR with 
the property that the induced map g : TM T*M satisfies g{v){v) > for v i= 
(i.e. not in the image of the zero section). This loops to a symmetric bi-LR-linear 
map LIMXimT-TM — > LM such that the induced map g : LTM LT*M satisfies 
g{a){a) > for a i= 0. The inequality now holds in LIR and is defined by j3 > y if 
|3(f) > y{t) for all t and fi y (equivalently, there is some t such that the inequality 
is strict). We then apply the integration map : LIR — > ]R. This is an order- 
preserving linear map and so the symmetric bilinear map LTM Xlm LTM — > M 
has the property that the induced map J g : LTM — > LT'M — > T'LM satisfies 
J g{a){a) > for a ?t 0. Untangling all of that yields the formula: 



for j3,y e Fgi (a*TM) = T^LM = L^TM. 

The indirect way is to observe that the structure group of M is, because of 
the choice of Riemannian structure, 0„ . Therefore the structure group of LM 
is LO„. Now the action of LO„ on LIR" preserves the standard inner product 
coming from the inclusion LIR" L^R" (in fact, it is precisely the subgroup of 
L G1„(]R) which does so). Therefore we can define a locally trivial inner product 
on the fibres TLM and a corresponding bundle of Hilbert completions. 

The equivalence of the two approaches comes from the fact that the principal 
LO„-bundle of TLM is the loop of the principal 0„-bundle of TM. An element 
of the LO„ -bimdle above a e LM is an isometric trivialisation of the bundle 
a*TM —> S^. This defines an isometric isomorphism Tgi{a*TM) —> LIR" (assum- 
ing orientability to avoid twisting) and hence identifies the inner product given 
by the above formula with the standard one. 

We note that both approaches have their advantages. In the first there is an 
explicit formula for the inner product that one can work with. In the second, 
the local triviality and the existence of the bundle of Hilbert completions are 
straightforward. 

For this weak Riemannian structure on LM, it is straightforward to prove 
that certain geometric objects on M loop to the corresponding objects on LM. 
Proposition 6.1 The Levi-Civita connection on M loops to the Levi-Civita connection 
on LM. 
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Proof. From corollary l4.12l the loop of the Levi-Civita connection is torsion-free. 
To see that it respects the inner product, we use the fact that the orthogonal 
structure group of TLM = LTM is the loop of the orthogonal structure group of 
TM. Hence as the Levi-Civita connection is an orthogonal connection, its loop 
is also orthogonal. □ 

The Koszul formula that is often used to prove existence and uniqueness of 
the Levi-Civita connection can only, in infinite dimensions, be used to prove 
uniqueness. This is because the existence part of the proof uses the isomorphism 
of vector fields and one-forms at a crucial stage but the uniqueness only uses 
the injectivity of the map from vector fields to one-forms. Hence a corollary of 
the above result is that the Levi-Civita connection on LM does exist. 

Proposition 6.2 For X either M or LM and v e TX, let : ly X denote the 
geodesic corresponding to v with maximal domain l^,. Then for v e TLM, 

and ly = r\Ie,v 

Proof. Let y : I ^ LM be a path. For t e S^, let yf : J — > M be the adjoint of y 
restricted to {t] X L Differentiating, we get y' : I ^ TLM and its adjoint when 
restricted to {t] X is yt'. 

We have the covariant derivative of y' along the canonical vector field dx of 
I: y" := V^^y'. This is again a map I TLM above y. By theorem l4.91 this has 
adjoint: 

Hence the adjoint of y" restricted to [t] x is yt" ■ Thus y" vanishes if and only 
if each y/' vanishes and so y is a geodesic if and only Cty is a geodesic for each 
t e S^. The rest of the proposition then follows directly. □ 

Corollary 6.3 IfM is geodesically complete then LM is geodesically complete. 

In fact, this is an "if and only if" as M is a Riemannian submanifold of LM. 
However, although in finite dimensions geodesic completeness is equivalent 
to a lot of things, that no longer holds for loop spaces. In particular, although 
exp : TxM ^ M is surjective, it need not be the case that exp : T„LM —> LM 
is surjective. For example, take the sphere, S^, and the exponential map based 
at the constant loop at the south pole. Consider a loop which is a great circle 
through the south pole. When we try to lift this to the tangent space at the south 
pole, we find that it must lift to a segment of a straight line between preimages 
of the south pole, as it is a geodesic segment. This cannot be made into a loop 
and so there is no lift. Thus there is no geodesic between the constant loop at 
the south pole and any great circle through this point. 

6.2 More Fun with Based Loops 

We conclude with a brief introduction to the topic of polarisations. For simplicity, 
we shall work with complex vector bundles. 

The space LC has a very simple description using Fourier analysis. It is 
an appropriate completion of the space of Laurent polynomials, C[z, z~^]. In 
particular it decomposes as two pieces: L_C © L+C according to the powers of 
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z. We assign the constant loops, corresponding to z", to L+C. These have more 
styhsh descriptions as the space of loops that extend holomorphically over an 
inner or outer disc (modulo the assignment of the constant loops). 

One might ask whether this structure is preserved on a loop space. That is, 
given a complex vector bundle E M, is there a similar fibrewise splitting of 
L£? If one restricts IE to the constant loops then this does exist, but over the 
whole of LM then it does not except in very special circumstances (see | CSM| 
and |Sta05al). 

However, it almost works. When moving from one chart to another one 
finds that the projections L±C" — > L+C" are Fredholm and L±C" L+C" are 
compact. This means that, morally, one is only shifting a finite dimensional 
amount from one side to the other. 

Such a structure is called a polarisation. The definitive reference is |PS86|. 
The theory of polarisations is intimately connected with that of representations 
of loop groups which is why it is of particular interest to students of loop spaces. 
We shall just mention a few highlights here. 

The reason for the title of this section is that the based loop space, ClUn is 
closely linked to polarisations. Given a complex vector bundle E — > M, one can 
consider the bundle over LM the points of which are the splittings of LE which 
are equivalent to the canonical polarisation. These are only fibrewise splittings 
so always exist. A global section of this bundle would define a global splitting 
of LE which, by work of |CS04| and |Sta05a|, would mean that LE LM was 
"almost" trivial. If one imposes a little extra structure on the splittings, namely 
that they are orthogonal and behave well under the natural LC-action, then 
this bundle is very easy to identify: let Q ^ M be the principal Lf,, -bundle 
associated to E. The group LLf„ acts on QLf„ via y ■ fi = y/3y(0)"^. The bundle of 
"nice" polarisations is: 

LQ Xlu„ nU,,. 

The bundle of all polarisations is homotopy equivalent to LQ Xlu,, QLT. 

One can give an alternative interpretation of this bundle. A point of LQ 
consists of a trivialisation of a*E for some a e LM. That is, it is a fibrewise 
isomorphism a*E = X C*^. A point of LQ Xlu„ C1U„ is also a trivialisation of 
a*E but not to a "standard" reference space such as C*^. Rather, it is a fibrewise 
isomorphism a*E = X E(j(o). Thus a global section of this bundle defines an 
isomorphism LE = e*E(8)LC which is what is meant by a bundle being "almost" 
trivial. 

Another highlight of the topic of polarisations is that although the subspaces 
L+E and L_E are not well-defined, the exterior algebra A*(L+E)*(8>A*L_E is well- 
defined^. The grading here is slightly odd in that the L_E part is negatively 
graded. Thus the degree of A''(L+E)*®A'?L_E is p — q. This is known as the 
semi-infinite exterior power of LE. This is because in finite dimensions a choice of 
isomorphism A''™^W = C defines an isomorphism: 

A*+'*™'^r s A'W^^A'W 

for W c y where W" is the annihilator of W in W and A'W is negatively 
graded. Hence as LE is infinite dimensional and L_E is of half the dimension 
of LE, we get: 

A'^'^I\LEY = A*(L+E)*<8>A*L_E. 

^The tilde on the tensor product is to denote an appropriate completion. 
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One simple reason for wanting to take account of such structure can be 
seen from the idea of the signature of a manifold. This turns out to depend 
on the middle dimension cohomology. If one wanted to generalise this to loop 
spaces, one would need a notion of "middle dimension" cohomology, i.e. of 
semi-infinite cohomology. A deeper reason is that this is part of the link between 
polarisations and representations of loop groups, about which I shan't go into 
more detail except to say that it is closely linked to the theory of spin and 
spin bundles on loop spaces. A good place to start reading is the book | PS86| 
and a good place to end reading is the recent result of Freed, Hopkins, and 
Teleman [FHTJ. En route, I would take in IPR94I and my preprint on the 
construction of the Dirac operator in |Sta|. 
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